UNCLASSIFIED 


AD  NUMBER 

ADB183009 

NEW  LIMITATION  CHANGE 
TO 

Approved  for  public  release,  distribution 
unlimited 


FROM 

Distribution  authorized  to  U.S.  Gov't, 
agencies  and  their  contractors; 
Administrative/Operational  Use;  1955. 
Other  requests  shall  be  referred  to 
National  Aeronautics  and  Space 
Administration,  Washington,  DC. 

AUTHORITY 

NASA  TR  Server  Website 


THIS  PAGE  IS  UNCLASSIFIED 


ad-B183  009 

nK . ISiMMMfHi 


7T£  Cop  y 


NATIONAL  ADVISORY  COMMITTEE 
FOR  AERONAUTICS 


REPORT  1249 


A  UNIFIED  TWO-DIMENSIONAL  APPROACH  TO  THE 
CALCULATION  OF  THREE-DIMENSIONAL  HYPERSONIC 
FLOWS,  WITH  APPLICATION  TO  BODIES 
OF  REVOLUTION 


Bjr  A.  J.  EGGERS,  JR.,  «nd  RAYMOND  C.  SAVIN 


v  gjfa  ELECTE  jf 

%  %\  APR  1  1  1994i 

Mil  Risk  _  1 


94-10779 


pi  ’.'I ! 

i  :  * 


ETIC  QtWJumr  BTSPECn®  3 


REPORT  1249 


A  UNIFIED  TWO-DIMENSIONAL  APPROACH  TO  THE 
CALCULATION  OF  THREE-DIMENSIONAL  HYPERSONIC 
FLOWS,  WITH  APPLICATION  TO  BODIES 
OF  REVOLUTION 


By  A.  J.  EGGERS,  JR.,  and  RAYMOND  C.  SAVIN 

Ames  Aeronautical  Laboratory 
Moffett  Field,  Calif. 


Accesion  For 

NTIS  CRA&I 
DTIC  TAB 
Unannounced 
Justification _ _ 


By . ...... 

DiSttibUtiOn/- 


Availability  Codes 


Dist 

Availand/or 

Special 

)X 

i 


DTIC  QUALITY  INSPECTED  ® 


** 


National  Advisory  Committee  for  Aeronautics 

Headquarters,  1512  II  Street  NW.,  Washington  25,  D.  C. 

Created  by  act  of  Congress  approved  March  3,  1915,  for  the  supervision  and  direction  of  the  scientific  study 
of  the  problems  of  flight  (U,  S.  Code,  title  50,  sec.  151).  Its  membership  was  increased  from  12  to  15  by  act 
approved  March  2,  1929,  and  to  17  by  act  approved  May  25, 1948.  The  members  are  appointed  by  the  President, 
and  serve  as  such  without,  compensation. 


Jerome  C.  IIunsaker,  Sc.  D.,  Massachusetts  Institute  of  Technology,  Chairman 
Leonard  Carmichael,  Pii,  D„  Secretary,  Smithsonian  Institution,  Vice  Chairman 


Joseph  I’.  Adams,  IX.  B.,  Vico  Chairman,  Civil  Aeronautics  Board. 
Allen  V.  Astin,  I  n.  D,,  Director,  National  Bureau  of  Standards. 
I’iieston  R.  Bassett,  M.  A.,  Vico  President,  Sperry  Band  Corp. 
Detlrv  W.jJBronk,  Pii.  D.,  President,- Rockefeller  Institute  for 
Medical  Research. 

Thomas  S.  Combs,  Vice  Admiral,  . United  States  Navy,  Deputy 
Chief  of  Naval  Operations  (Air). 

Frederick  C.  Crawford,  Sc.  D.,  Chairman  of  the  Board, 
Thompson  Products,  Inc. 

Ralph  S.  Damon,  D.  Eng.,  President,  Trans-World  Airlines,  Inc. 
James  II.  Doolittle,  Sc.  D.,  Vico  President,  Shell  Oil  Co. 

Carl  J.  I’riNcsTAO,  Rear  Admiral,  United  States  Navy,  Assistant 
Chief  for  Field  Activities,  Bureau  of  Aeronautics. 


Donald  I>.  Putt,  Lieutenant  General,  United  States  Air  Force, 
Deputy  Chief  of  Stall  (Development). 

Donald  A.  Quarles,  D,  Eng.,  Secretary  of  the  Air  Force. 

Arthur  E.  Raymond,  Sc.  D.,  Vice  President— Engineering, 
Dougins  Aircraft  Co.,  Inc. 

Francis  W.  Reiciieldeiiper,  Sc.  D.,  Chief,  United  States 
Weather-Bureau. 

Louis  S.  Rothschild,  Pii.  1L,  Under  Secrctary-of  Commcrco 
for  Transportation. 

Nathan  -F.  Twining,  General,  United  States  Air-Force,  Chief 
of  Stalf. 


Hugh  L.  Drtden,  1’h.  D.,  Director  John  T.  Victory,  IX.  D.,  Kzeculire  Secretary 

John  W.  Crowley,  Jr.,  B.  S-,  Associate  Director  for  lie-search  Edward  II,  Chamberlin,  Eiecuticc  Officer 


Henry  J.  E.  IIeid,  D.  Eng.,  Director,  Langley  Aeronautical  I-alioratory,  Langley  Field,  Va. 
Smith  J.  DeFrance,  D.  Eng.,  Director,  Ames  Aeronautical  Laboratory,  MolTett  Field,  Calif. 
Edward  It.  Sharp,  Sc.  D.,  Director,  Lewis  Flight  Propulsion  Laboratory,  Cleveland,  Ohio 
Walter  C,  Williams,  B,  S.,  Chief,  High-Speed  Flight  Station,  Edwards,  Calif. 


It 


REPORT  1249 


A  UNIFIED  TWO-DIMENSIONAL  APPROACH  TO  THE  CALCULATION  OF  THREE-DIMENSIONAL 
HYPERSONIC  FLOWS,  WITH  APPLICATION  TO  BODIES  OF  REVOLUTION 1 
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SUMMARY 

-■I  simplified  two-dimensional  method  Jor  calculating  three- 
dimensional  stead y  and  nonsteady  hypersonic  Jioivs  oj  an 
inviseid  ( noil-heat-conducting )  yas  is  deduced  Jrom  character¬ 
istics  theory.  'This  method  is  appropriately  termed  a  generalised 
shock-expansion  method.  It  is  demonstrated  that  the  method  is 
applicable  when  disturbances  associated  with  the  divergence  oj 
streamlines  in  planes  tangent  to  a  surjace  are  oj  secondary 
importance  compared  to  those  associated  with  the  curvature  oj 
streamlines  in  planes  normal  to- the  surjace.  When  this  con¬ 
dition  is  met,  surjace  streamlines  may  be  treated  as  geodesics, 
which,  in  turn,  may  be  related  to  the  geometry  oj  the  surjace. 

It  is  inquired  jurlher  if- the  two-dimensionality  oj  inviseid 
hypersonic  flows  has  a  counterpart  in  hypersonic  boundary- 
layer  flows.  This  question  is  answered  in  the  affirmative, 
thereby  permitting  a  unified  two-dimensional  approach  to 
three-dimensional  hypersonic  flows. 

This  concept  is  applied  to  bodies  oj  revolution  in  steady  flight 
and,  with  the  assumption  that  flow  at  the  vertex  is  conical, 
approximate  solutions  jor  thejlow  field  are  obtained  Jor  values 
oj  the  hypersonic  similarity  parameter  (i.  e.,  the  ratio  oj  the 
jree-stream  Mach  number  to  the  fineness  ratio  oj  the  body) 
greater  than  about  l  and  jor  small-angles  oj  attack.  Surjace 
streamlines  are  approximated  by  meridian  lines  and  the  flow 
field  is  calculated  in  meridian  planes.  Simple  explicit  expres¬ 
sions  are  obtained  jor  the  surjacefflach  numbers  and  pressures 
in  the  special  case  oj  slender  bodies. 

The  validity  oj  theory  is  checked  by  comparison  with  surjace 
-pressures  and  shock-icave  shapes  obtained  experimentally  at 
Mach  numbers  Jrom  8.00  to  0.30  ami  angles  oj  attack  up  to 
15°  Jor  two  ogives  having  fineness  ratios  oj  3  and  5.  At  thelower 
angles  oj  attack,  theory  and  experiment  approach  agreement 
when  the  hypersonic  similarity  -parameter  is  in  the  neighborhood 
oJT  or  greater.  At  the  larger  angles  oj  attack,  theory  lends  to 
break  down  noticeably  on  the  leeward  sides  oj  the  bodies. 

INTRODUCTION 

'Die  calculation  of  flows  about  objects,  primarily  missiles, 
traveling  at  high  supersonic  speeds  is  now  generally  accepted 
ns  a  matter  of  more  than  academic  interest.  Die  difficulty 
of  these  calciilntions  stems  uulnrge  pnrt.from  the  fno.t  that 
nt-such  high  speeds  disturbance  velocities  nro  not  necessarily  . 
small  compared  to  the  velocity  of  sound,  nor  are  entropy  > 
gradients  necessarily  negligible  in  the  disturbed  flow  field  i 
about  a  body,  oven  though  it.  may  ho  of  normal  slenderness.  > 
Tims,  for  example,  the  relatively  simple  linear  theory,  which  > 
has  proven  so  valuable  in  studying  flows  at  low  supersonic  i 


speeds,  loses  much  of  its  utility  in  the  study  of  high-super- 
sonic-specd  flows.  In  the  quest  for  methods  especially  suited 
to  calculating  high-suporsonic-spccd  flows,  notable  progress 
has  been  made  in  the  development  of  similarity  laws  relating 
the  flows  about  slender  three-dimensional  shapes  in  both 
steady  (see  refs.  1,  2,  and  3)  and  nonsteady  motion  (seo 
refs.  4  and  5).  Steady  two-dimensionnl  flows  have  received 
perhaps  the  greatest  attention  from  the  standpoint  of  calcu¬ 
lating  specific  flow  fields,  and  it  would  scent  that,  with  tools 
ranging  from  the  characteristics  method  (sec,  c.  g.,  refs.  G 
and  7)  to  the  g-  ernlized  shock-expansion  method  (ref.  7) 
the  problem- is  iwtsonnbly  well  in  hand,  at  lead  insofar  as 
inviseid,  contim  tint  flow  is  concerned.  A-  more  or  less 
analogous  situati.  n  exists  with  regard  to  the  nonlifjng  body 
of  revolution  (see,  e.  g.,  refs.  0  3,  9,  and  10)  although  it 
seems  that  only  in  the  case  .if  'he  cone  has  a  method  (ref.  10) 
of  simplicity  comparable  to  that,  of  the  linear  theory  been 
developed  for  calculating  the  whole  flow  field. 

When  one  departs  from  these  relatively  simple  flows,  the 
number  of  tools  for  carrying  out  practical  calculations  de¬ 
creases  sharply.  Thus,  for  exnmple,  in  the  category  of 
inclined  bodies  of  revolution,  it  appears  (hat-only  bodies  at 
small  angles  of  attack  have  been  handled  adequately,  usually 
by  cither  the  method  of  characteristics  or  some  other  step- 
by-step  calculative  procedure  (see,  c.  g.,  refs.  G,  and  11 
through  14).  In  the  ense  of  steady  flow  about  general  three- 
dimensional  shapes,  nsidc  from  Newtonian  flow  concepts, 
which  arc  strictly  applicable  nt  Mach  numbers  exceeding  all 
limits,  only  the  characteristics  method  has  apparently  thus 
far  received  serious  attention  (refs.  15,  16,  17,  and  18).  It 
is  true,  of  course,  that  the  method  is  tedious  and  time  con¬ 
suming  to  apply,  but  the  relatively  exact  solutions  obtained 
provide  a  valuable  check  ngainst  the  predictions  of  more 
approximate  but  simpler  theories.  Ill  -addition, -however,  as 
demonstrated  in  reference  10,  a  study  of  thc= compatibility 
equations  of  the  characteristics  method  can  prove  useful  in 
determining  simplified  methods  for  calculating  more  complex 
flow  fields. 

With  these  points  in  mind,  it  is  first  undertaken  in  the 
present-report  to  redevelop  characteristics  theory  in  n  form 
which  enables  us  to  obtain  a  simplified  two-dimensionnl 
method  for  calculating  both  steady  and  noustendyhypersonic 
flows  about  three-dimensional  shapes.  Viscous  flows  arc 
then  considered  and  it  is  demonstrated  that  the  two-dimen¬ 
sional  character  of  inviseid  hypersonic  flows  has  a  counterpart 
in  hypersonic  boundary-layer  flows.  The  vali  lity  of  the 
analytical  methods  of  this  paper  is  checked  by  comparing 


i  Supersedes  NAOA  T.N  ail  entllled.  "On  the  Calculation  of  Flow  About  Objeets  Tratellns  at  High  Supersonic  Spent."  by  A.  1.  Enters,  Jr.,  1M2. 
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the  predictions  of  theory  with  experimental  results  for  the 
surface  pressures  and  bow  shock  waves  of  lifting  and  non¬ 
lifting  bodies  of  revolution  at  Mach  numbers  from  :j.00  to  0.30. 


NOTATION 


a 

(\ 

Cy 


C, 

C„ 


(\ 

d 

K 


local  speed  of  sound 

...  ...  .  ,  axial  force 

axial-force  coefficient, - 7p\ 

,  ,  .  ,  normal  force 

normal-force  cocfhcient,  - 


(f) 


pitching-moment  coefficient, 

moment  about,  hod v  vertex 


© 


specific  heat,  at  constant  pressure 
specific  heat  at  constant  volume 
characteristic  coordinates  in  X-X  plane  (Ou  is 
positively  inclined  with  respect,  to  X) 

pressure  coefficient,  V—Es 

maximum  diameter  of  body  of  revolution 

hypersonic  similarity  parameter,  il/„  ■! 


I  characteristic  body  length  (measured  from  vertex 

to  most  forward  point  of  maximum  diameter) 

A I  Mach  number  (ratio  of  local  velocity  to  local  sliced 

of  sound) 

p  static  pressure 

Pi  total  pressure 

<l«,  free-stream  dynamic  pressure 

5  entropy 

t  time 

a,  r,  »  components  of  fluid  velocity.along  the  A',  mid  X 

axes, -respectively 

r,  ij,  z  rectangular  coordinates  along  the  X,  Y,  and  X  axes, 
respectively 

z,  r,  <?  cylindrical  coordinates 

x  center-of-pressure  position  (measured  from  body 

vertex) 

a  angle  of  attack 

y  ratio  of  specific  heats,  -} 

cr 

6  angle  between  A’  axis  and  tangent  to  projection  of 

streamline  (or  pathlincHii  A'-Z  plane 
S,v  semivertex  angle  of  body 

A  angle  between  A'  axis  and  tangent  to  project  ion  of 

streamline  (or  putliliuc)  in  X-Y  plane 

H  Mach  angle,  sin"1  Jj- 

v  ray  angle  for  Prandll-Meyer  flow 

p  mass  density 


SUBSCRIPTS 


A,  11, 
N 


free-stream  conditions 

[conditions  at  different  points  in  the  flow  field 
conditions  on  (lie  surface  at  (he  vertex  of  a 


body 


s  conditions  immediately  behind  the  shock  wave  at 

the  vertex  of  a  body 

INV1SCID  FLOW 


This  study  proceeds  from  the  Euler  momcntumequatio.iis, 


Ou  ,  du  ,  bu  .  bit  1  bp 
-nT+k  n — h>  ^ — hw  t-= —  -- 
bt  bx  by  bs  pbx 

■  (1) 

bv  ,  bp  .  bp  ,  bp  1  bp 

bt+ubx+,’b,/+u,bz=—pbTj 

(2) 

bto .  bw ,  bw ,  bw  1  bp 

bT+u  bi+vby+w  bz~-p-bz 

CD 

the  continuity  equation, 

bp  b  (pu)  b  ( po),b  ( pte)_n 
bl+  bt.  +  by  +  bz  U 

(■») 

the  equation  of  state, 

p—p  (p)S) 

(5) 

and  the  energy  equation, 

bS  .  bS,  bS  .  bS  ,, 
0T+ttp+,,dy+,(,5r0 

(0) 

where  u,  v,  and  w  aro  tlie  components  of  velocity  at.  time  l 
along  the  A’,  and  /(  axes,  respectively,  of  an  element  of  (lie 
fluid  of  density  p,  static  pressure  p,  and  entropy  SA  To  put 
these  expressions  in  a  more  tractable  form, dt  is  convenient 
to  aline  the  A'  axis  at  time/  with  the  direction  of  the  resultant 
velocity  at  the  origin  of  the  coordinate  system.  Thus 
equations  (1)  through  (4)  and  equation  (O)  siinplify,  respec¬ 
tively,  in  the  region  of  the  origin,  to 

bu  ,  bu  ,  1  bp  . 
Ti+Ub2+Wx=0 

(7) 

bt+  bi+pb;/ 

(S) 

dw+u  §®+i  <&=(, 

bt*U  bx.  p  bz  ” 

(0) 

bi^rx+>\K+$j,+bzr0 

(10) 

and 

bS ,  bS 

bi+U  bx~° 

01) 

which  relations  arc  hnsir  (o  the  subsequent  analysis. 

STBAOV  now 

Characteristics  theory. — Compatibility  relations  describing 
(ho  behavior  of  fluid  properties  along  characteristic  lines 

*  For  certain  culctiblton* II  may  lx*  desirable (o  |<f(Kced  fn>in  more wueral equations  which 
include  cJTcctaof  heat  and  mass  addlllon  to  (ot  subtract  kin  from)  the  flow  os  well  as  clfccts  of 
impressed  forces  (c.  z.,  ftrav itAtknul or  magnetic).  Such  a  jwtKcdurcmaycasily  bo  developed 
from  that  prrsen'od  here  by- following- the  method  of  (Juderloy  (reference  0  tor  two* 
dlmemkmal  now. 
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in  supersonic,  flow  may,  of  course,  be  obtained  by  proceeding 
formally  with  the  theory  of  characteristics  for  the  qoasi- 
linear  partial  differential  equations  which  depict  the  flow.’ 
In  the  interests  of  simplifying  both  the  derivation  of  these 
relations  and  their  resultant  forms,  however,  it  seems  desir¬ 
able  to  proceed  in  a  more  intuitive  manner,  assuming  a 
priori  that  the  pertinent  characteristic  lines  arc  Mach  lines, 
and  utilizing  the  implication  from  two-dimensional  flow 
studies  that  perhaps  the  most  convenient,  dependent  vari¬ 
ables  are  pressure  and  flow  inclination  angles. 

Xow  it  is  clear  that  in  the  case  of  steady  flow  all  derivatives 
with  respect  to  time  disappear  from  the  above  relations. 
Thus,  assuming  there  are  no  shock  waves  present  in  the 
region  of  tho  origin.5  we  may  write,  with  the  aid  of  equations 
(5)  and  (11), 

<>?>_!  dp  ,|0v 

Sr  bpj^dz  a1  bx  v  ~ 


where  a  is  the  local  speed  of  sound  in  the  fluid.  Combining 
equations  (7),  (10),  and  (12),  there  is  then  obtained  the 
relation 


bp  —pa5  ri  /be  ■ dii’Y] 

I  [_«  V>!/+c)2/J 


03) 


or,  defining  A  ns  the  angle  between  the  X  axis  and  the 
tangent  to  the  projection  of  a  streamline  m  the  A'- V  plane, 
and,  in  an  analogous  manner,  the  angle  5  in  the  X-Z  plane 
(see  fig.  1),  we  have 


Fiocbk  I. —Streamline  projections  in  A’- V ami  X-X  planes. 


bj>  —  pit5  fbA,b6\ 
Or”;!/5-!  Kdy^bz) 


(14) 


Transforming  the  derivatives  with  respect  to  /  and  z  to 
derivatives  in  the  characteristic  or  (\,  and  Cu  directions 
in  the  X-Z  plane  (/’„  is  positively  inclined  with  respect 
to  A’,  thus  0()/0r=[;l/:(2%d/5-l)J[0()/0r1JI0()/0rj  and 
0(),'0z=  (.V/2)(d0/0f„ -  0()/0rj)  there  results  from  this 
equation 


<>p  -  Op  ,  p«5  r  os 

dC\,  bC’u  y;!/5 — 1 


05 

or„ 


iffla 


(15) 


In  an  analogous  manner,  there  is  obtained  from  equation  (9) 
the  relation 


Op _ Op  __  —  pu5  /  05  ,  05  \ 

06'ij  b(’„  y*1  / 5 — 1  win  bG>,) 


(1G) 


Adding  these  two  expressions  then  yields 

Op  _  —  ptr  ["  05  ,  1^  /dAY] 

dO,r^W-i  L WJ 

while  subtracting  yields 

Op  _  _  pit5  P  05  _  1  /0A  \”| 

Lof.'i,  ;!/  \0y/J 


07) 


(18) 


Equations  (17)  and  (IS)  are  compatibility  equations  for 
characteristic  or  Mach  lines  in  the  X-Z  plane.'  Indeed,  if 
it  is  further  required  that  the  X-Z  plane  he  the  oscillating 
plane  of  the  streamline  passing  through  the  origin,  that  is, 
the  plane  containing  the  principal  radius  of  curvature  and 
tangent  to  this  streamline  (at  the  origin),  then  these  equa¬ 
tions  arc  the  essential  relations  for  determining  pressure 
and  flow  inclination  throughout,  a  flow  field.  This  point 
becomes  evident when  it  is  observed  that,  with  the  imposed 
requirement  (viz,  0A/0r=0),  the  additional  information 
derived  from  studying  flow  in  the  AVT  plane  is  simply 
that-deduced- from  equation  (8),  or.  ns  would  he  expected, 


Op 

dy 


=0 


(19) 


In  order  to-eonsti  net  a  llow  field,  hoivevel,  it  is  necessary 
to  Know -the  manner tii  which  the  oscillating  plane  rotates 
and,  correspondingly,  how  the  principal  curvature  varies  as 
wo  proceed  along  a  streamline.  This  information  is  obtained 
from  equations  (2)  and  (8).  Differentiation  with  respect 
to  r  yields 


05A  __  1  0  /0p\_0A  05 
Or5  _  pu5  Or  VO;//  Oc  Or 


(20) 


and 


*!?=_.  A  dYbAfbS  Xbu  l  dAdi  , 

Or5  pu50r\0r/  Vo/*  «  Oz^pn5  Or/ Or  ' 


respectively. 

These  and  the  previously  derived  expressions  form  the 
basis  of  a  characteristics  theory  for  steady  three-dimensional 
flows  (see  ref.  20).  Consistent  with  the  objectives  of  (his 
paper,  however, we  are  interested  in  these  results  ns  they  lead 
us-to  a  more  approximate  hut,  by  the  same  token,  a  more 
simplified,  method  of  calculating  the  three-dimensional  flow 
of  a  gas  at  high  supersonic  speeds. 

Simplifiedltwo-dimensional  theory. — It  is  well  ill  the  out- 
setof  this  analysis  to  establish,  insofar  as  is  practicable,  the 
type  of  flows  to  he  treated.  In  this  connection,  it  is  con¬ 
venient  to  employ  the  hypersonic  similarity  parameter 
(i.  c.,  the  pioduct  of  the  flight  Mach  number  and  the  thickness 
ration  of’ a  body)  ns  a  measuring  stick.  In  flows  charac¬ 
terized  by  values  of  the  hypersonic  similarity  parameter 
small  compared  to  1,  that  is,  flows  in  which  the  body  is 
extremely  slender  and  lies  close  to  the  axis  of  the  Mach  cone, 
there  is  no  apparent  reason  to  believe  (bet  the  linear  theory 
will  not  be  as  useful  an  approximate  method  of  calculation 


*  If shock  waves  are  present,  the  apj*opri3lc  oblique  shock  equations  are  employed. 


<  It  Is  noted  tliat  these  expression*  con  tain  not  only  derivatives  In  the  characteristic  direc* 
tlons  but  also  derivatives  w  Itli  resject  to  Hie  Independent  variable  y.  This  ly  |>e  ol  result  b 
to  lie  expected  as  i  win  ted  out  by  Coburn  (ref.  19). 
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as  at  low  supersonic  speeds.  In  flows  characterized  b\  values 
of  the  parameter  up  to  about  1,  the  second-order  theory  first 
enunciated  by  Buscmann  (ref.  21)  for  airfoils  and  more 
recent  I  \  gcncinlizcd  to  three-dimensional  flows  In  Van  Djhc 
(ref.  9)  and  Moore  (ref.  22)  should  prove  a  useful  approxima¬ 
tion.  On  the  other  hand,  for  flows  about  more  or  less 
arbitrary  shapes,  there  is  apparently  no  approximate  method 
of  calculation  generally  applicable  with  engineering  accuracy 
at  values  of  the  hypersonic  similarity  parameter  appreciable' 
greater  than  1. 

In  tho  limiting  ease  of  indefinitely  high  frcc-strenm  Mach 
number  (and  lienee  similarity  parameter)  and  a  ratio  of 
specific  heats  equal  to  1,  we  have  the  Newtonian  impact 
theory  (ref.  23)  and  its  refined  counterpart,  accounting  for 
centrifugal  forces  in  tho  disturbed  flow,  developed  first  by 
Buscmann  (ref.  21)  and  more  recently  treated  by  Ivey, 
Klunker,  and  Bowen  (ref.  25),  The  impact  theory  hns  been 
employed- with  some  success  by  Grimminger,  Williams,  and 
Young  (ref,  26)  and  others  to  predict  surface  pressures- on 
bodies  of  revolution  at  values  of  t  he  similarity  parameter 
appreciably  greater  than  1,  although -it  should  be  remarked 
in  passing  that  this  success  is  in  part,  at  least,  fortuitous,  ns  j 
perhaps  is  best  evidenced  by  the  fact  that  the  more  exact 
theory  (within  the  framework  of  the  underlying  assumption 
of  .!/-->  co ,  y  ->1)  of  Buscmann  is  considerably  less  accurate 
under  corresponding  circumstances.  As  shown  in  reference  7, 
neither  tho  Newtonian  impact-  nor  the  Busemnnn  theory 
apply  with  good  accuracy  to  airfoils  except  at  values  of  the 
similarity-parameter  quite  large  compared  to  1,  correspond¬ 
ing,  for  example,  in  the  case  of  thin  airfoils  to  flight  speeds 
considerably  in  excess  of  the  escape  speed  at  sen  level. 
Perhaps  the  foremost  shortcoming:  of- these  theories  is,  how¬ 
ever,  that,  irrespective  of  the  shape  to  which  they  are  applied, 
they  provide  no  information  on  the  structure4  of  the  dis¬ 
turbed  flow  field  which  is,  of  course,  of  finite  extent  adjacent 
to  the  surface  at  flight  Mach  numbers  presently  of  interest 
(say  Mach  numbers  less  than  the  eseape  Mach  number  at 
sen  level).  Such  information- is,  for  example,  important  to 
the  determination  of  the  (low  nbout  control  surfaces  and  the 
like  which  may  be  located  in  this  field. 

In  view  of  the  preceding  discussion,  it  seems  clear  that  in 
the  high-supersonie-speed  flight  regime,  a  need  for  an 
approximate  method  of  analysis  lies  in  the  realm  of  flows 
characterized  bv  values  of  the  hypersonic  similarity  param¬ 
eter  greater  than  1.  An  attempt  will  therefore  be  made  to 
obtain  n  method  meeting  port  of  this  need,  attention  being 
focused  primarily  on  flows  characterized  by  large  values  of 
the  similarity  parameter.  To  this  end,  it  is  convenient  first- 
to  employ  equation  (!•!)  rewritten  in  the  form 


where 


dg  _ptt*  [do  /l—  D,\ _ 1 _ /di  n 

dr.  L  dr.  \  I  ■+•/),/  !  '  c>’/ '  J 

n _ d&IbCu 

*  da/d  C’,, 


(22) 


(23) 


Now  consider  for  the  moment  a  surface  streamline  nlined 
ill  the  a:  direction,  and  impose  the  requirement  (linttho  A' — Z 

*  This  conHfjiitnw  is  tiawahh*  jirittui ilj-io  l he  astumplioh  oi  y»i  w/wW  it-uti*  w  the  j 
will  known  rcvilUbal  IhtMiisluibwl  /low  /Whl  aj  tvnflncil  to  an  mflniUsiinal  tug  ton  j’tyuxnk  t 
to  t/iv  tittfot*  t>l  a  ho<l>%  I 


plane,  be  tangent  to  this  streamline  and  normal  to  the  sur¬ 
face  at  the  point  of  tangcncy  (the  origin).  The  A'— 3'  piano 
is  then,  of  course,  tangent  to  tho  surface-tit  this  point.  Ob- 
sening  the  last  term  in  the  brackets  on  iie  right-hand  sido 
of  equation  (22),  it  is  noted  (see  fig.  2)  tlmt- 


Kiiiuub  2,-  -Divergence  of  streamlines  in  tangent  inane. 


&A_1_ 

d;/  P 


where  /•'  is  the  radius  of  curvature  of-thc  line  normal  to  the 
projections  of  streamlines  in  the  A'-)'  plane,  and  passing 
through  the  origin.  At  the  high  Mach  numbers  under 
consideration,  the  disturbed  flow  field-is  confined  to  a  region 
of  small  extent  normal  to  the  surface  of  a  body;  hence  it 
may  be  cxpceled:(lmt.  r’  will  be  primarily  a  function  of  body 
shape  and  attitude.®  This  being  (lie  ease,  if  follows  then 
that  the  term  Tl*~- l)(l/r')  will  decrease  in  absolute 
magnitude  with:  increasing  Much  number  of  the  llow  nboul 
the  body.  Consider  now  the  term  (d5/dr)(l  —  DJ(\  1  Di). 
We  note  that  d5/dr=  1,7/  where  //  is  the  radius  of  curvature 
of  the  projection  of  a  streamline  in  the  A’-  Z  plane  and, 
by  reasoning  analogous  to  that  used  in  considering  is  not 
expected  to  vary  significantly  with  Mneli  number  in  the 
disturbed  llow  field.  Let  us  assume  for  the  moment  that 
the  quantity  (1  //,),'( 1  4  I),)  is  also  relatively  independent 
of  Mach  number.  With  this  assumption,  it  is  clear  that 
equation  (22)  approaches  the  equation  for  two-dimensional 
(low  us  the  frcc-slream  Much  number,  and  hence  the  hyper¬ 
sonic  similarity  parameter  of  the  flow  becomes  large  compared 
to  1.  The  compatibility  equations  (cqs.  (17)  and  (JS))  are 
affected  in  a  similar  manner;  finis  it  is  apparent  that  the 
flow  when  viewed  in -(he  X-Z  plane  approaches  the  fwo- 
dimcnsionul  type.  In  this  ease,  however,  ns  shown  in  refer¬ 
ence  7,  so  long  ns  the  Mach  number  and  ratio  of  specific 
heats  of  the  disturbed  fluid  are  not  too  close  to  1,  /),  is  small 
compared  to  1,  and  hence  the  How  uppioaches  the  generalized 
Brand tl-. Meyer  type  (i.  e.,  llow  in  which  pressure  and 
inclination  angle  are  approximately  constant  along  curved 
first-family  Mach  lines).  Our  flow  equation  may  then  bo 
written 


pj> _ pu‘  /Af\ 

I  \<"7 


(24) 


wheie  it  is  required  explicitly  that 

jdSl  1  |0A| 


(25) 


•  ItUf/nl«c*tJnstonotci/iai  fn  Just  a  function  o/ 

at  the  value  ol  the  hji-uwtnu.  Mfmltuhy  jKiranteta  Ix-voinex  iat/e  ttmijmml  to  i  tm1  work 
vl  tel.  in  mUnx.  that  hts  i  milts  can  twi'itiy  bts  n tended  to  thrt^tniVnskyul 

Iil«l  gas  flow*  u«l»g  th«charact<'r&Uc*  of  tM< 
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or,  in  effect,  that  disturbances  associated  with  the  divergence 
of  streamlines  in  tangent  planes  must  be  of  secondary  im¬ 
portance  compared  to  those  associated  with  the  cunaturo  of 
streamlines  in  planes  normal  to  the  surface.  Upon  closer 
examination  it  can  easily  be  deduced  that  this  requirement 
stems  directly  from  the  continuity  equation  and  the  condit  ion 
that  it  bo  of  the  two-dimensional  type  in  the  X-Z  plane  (i.  e., 

fcXeL  l&fl 


From  these  considerations  it  appears  that  the  conclusion 
of  reference  10  that  inviseid  (low  along  streamlines  down¬ 
stream  of  the  nose  of  uonmehned  bodies  of  revolution  travel¬ 
ing  at  high  supersonic  speeds  may  bo  of  the  Prandtl-Meycr 
typo  tin  regions  freo  of  shock  waves;  applies  also  to  other 
steady  three-dimensional  flows.  It  is  true,  too,  that  in  the 
latter  ease,  just  ns  in  the  former  ease,  this  conclusion  is 
consistent  with  the  pi edictions  of 'the  hypersonic  similarity 
law  for  steady  flow  about  slender  shapes. 

One  question  remains  to  bo  considered,  namely,  where  do 
the  streamlines  go  in  the  disturbed  How?  To  clarify  this 
matter,  it  is  convenient  to  study  further  the  implications  of 
equation  (23;.  For  this  purpose  we  combine  equation  (25; 
with  the  transformation  equation 

dA  _  3A  \ 

£>!/“  2 


to  obtain  the  relation 


<»|  _ M  <>A  a*-1 

<>*r  2V3?’— t 


number  (curvature)  small  compared  to  ' 


A  l  |do-| 


oclv~or;; 

(27) 

or  that 

1531 _ U  Jbli  j' 

l^t  ix®  '— li&CiJ : 

and 

► 

(2S) 

1051  ill  l&Arj 
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Equation  (27)  implies  vortical  flow,  however,  which 

lyjie  of 

At 

Ox  2 

\w„ 

OCi,) 

leads  one  to  the  conclusion,  however,  that 

mum 

drf  m\ 


(20) 


From  this  relation  wo  deduce  cithcr  that  to  Jho  order  of  a 


(low  cannot  be  treated  by  the  present  analysis  since  equation 
(25)  is  v  iolated.7  Equation  (28;  is  then  the  requirement  con¬ 
sistent  with  the  basic  nssumptions-of  this  analysis.  Com¬ 
paring  the  relations  of  equation  (28;  with  the  transformation 
equation 


(29) 


!  Thh  conclusion  I<  jku  tin  flatly  cvHcnt  In  the  case  of  pure  cortical  flow,  or  sj>  vortical 
flow  with  a  jtijtc/lniiioscd  unllorm  Mrcam  directed  along  the  atm  of  Ihv  \ortcx.  In  which 


or,  in  effect  that  consistent  w  ith  equation  (25)  geodesic  lines 
can  bo  treated  as  surface  streamlines.  With  this  informa¬ 
tion  we  arc  enabled  to  construit  the  flow  field  about  ft. body, 
having  once  determined,  for  example,  the  flow  in  the  region 
of  the  leading  edge  (or  edges)  thereof.  This  result  follows 
since  a  geodesic  line,  and  hence  a  streamline,  on  the  surface 
is  fixed,  prov  ideal  its  direction  at  any  point  is  given  (see,  c.g., 
ref.  2S).S  With  this  knowledge  of  tho  location  of  snrfftco 
streamlines,  flow  in  the  planes  tangent  thereto  and  normal 
to  the  surface  may  be  calculated  approximately  in  the  rela¬ 
tively  thin  region  between  the  surface  and  bounding  shock 
waves,  using  the  generalized  shock-expansion  mcthoiUiu  the 
manner  described  in  reference  7. 

A  partial  check  on  these  observations  is  afforded  by  study¬ 
ing  the  flow  about  ft  swept,  airfoil.  In  this  case  flow  at  the 
surface  may  be  calculated  with  good  accuracy,  using  the 
shock-expansion method  in  combination  with  simple-sweep 
theory.  For  thin  airfoils  (on  the  surfaces  of  which  tho 
appropriate  geodesics  have  essentially  the  direction  of  tho 
free  stream)  the  generalized  shock-expansion  method  of  this 
paper  reduces  to  the  slender-airfoil  method  of  reference  7. 
Thus,  in  this  case,  it  is  ev  ident  from  the  results  of  rcfercmc  7 
that  the  generalized  method  will  predict  surface  pressuro 
coefficients  in  error  by  less  limn  10  percent,  providing  the 
component  of  frccrStrenm  Mach  number  normal  to  the 
leading  edge-is  greater  than  about  It  is  of  interest  also 
to  consider  a  thick  airfoil  to  ascertain  the  accuracy  with 
which  this  '••eilioo  i.pplics  to  flow  with  appreciable  curvature. 
To  this  end,  surface  pressure  coefficients  and  streamlines 
have  been  calculated  for  a  20-percent-thick  biconvex 
airfoil  (nl ..‘zero-incidence)  swept  00°  and  operating- nt  Mach 
numbers  of  10  and  infinity  (7  =  1.1).  Conditions  at  the 
leading  edge  were  determined  fiom  exact  shock-wave  rela¬ 
tions  for  both  methods.  The  results  of  these  calculations 
arc  presented-in  figure  8,  and  it  is  observed  that  the-pressure 
distributions  determined  with  the  shock-expansion  method 
for  swept- airfoils  and  the  generalized  shock-expansion  method 
are  in  reasonably  good  agreement  at  both  Much  numbers. 
The  streamlines  are  also  in  reasonably  good  agreement,  over 
the  forward  portion  of  tho  airfoil,  although,  as  would  be 
expected,  somewhat  poorer  results  are  obtained  over  the 
nfterportion.  IUis  not  surprising,  in  view  of  (he  underlying 
assumptions  of  the  generalized  shock-expansion  method, 
that  it  is  generally  more  accnrato  nt  the  highest  Mach 
number. 

In  the  pieccdlllg  discussion  cnouinstaiices  wele  deduced 
uudei  whiih  steady  flow  at  high  supersonic  speeds  about 
three-dimensional  shapes  could  be  constructed  approxi¬ 
mately,  using  the  basic  tools  of  two-dimensional  supersonic 
flow  analysis,  namely,  the  oblique  shock  equations  of 
Rankine  and  llugoniot  and  the  corner  expansion  equations 
or  I'rnndtl  and  Meyer.  Several  possible  exceptions  to  these 
circumstances  immediately  come  to  mind.  Those  include 
conical-type  flows  and  flow  in  the  region  of  tlic  lip  of-iuwing, 
or  nt  the  discontinuous  juncture  of  a  wing  and  body,  to 
mention  a  few.  In  such  flows  equation  (25)  may'  not  be 
satisfied,  in  which  case  two-dimensional  flow  in  planes 

sudden  t-hjinre  ofsutf^uc  ehijw  eanysan  ubll-juv  .<lnxk  wave  m  a  concentrated  i*iandl1 
M()«  tjf*  Mparidou  f*o,  the  streamline*  In  (1m?  down<ttcim  direction  aredeflned  tho 
toils  ot  the! f  flow  direction  Iminoillatrlj  following  the  dUcont  molt*  In  trtoiio. 
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It  is  clcnr  tlmt  the  increased  generality  of  the  above  result 
has  been  obtained  at  some  expense  in  our  knowledge  of  the 
streamline  How  pattern.  For  example,  it  is  not,  now  indi¬ 
cated  that  (within  the  framework  of  this  analysis;  surface 
streamlines  may  generally  be  taken  as  geodesies  additional 
knowledge  of  the  (low  must  be  bad  m  order  to  determine 
these  streamlines.  If  they  are  known,  however,  the  calcula¬ 
tion  of  the  whole  How  field  is  materially  facilitated  by  the 
above  considerations. 

Thus  fat  only  steady  (lows  have  been  considered.  The 
next  problem  is  to  extend  these  considerations  to  nonsteady 
flows  and  some  aspects  of  this  matter  will  now  he  discussed. 

NONSTKAOY  I'l.OW 

The  methods  of  analysis  in  this  ease  are  entirely  analogous 
to. those  employed  in  the  study  of  steady  flow,  the  singular 
con  Hasting  feature  being  that  derivatives  with  respect,  to 
time-iu  equations  (1)  through  (1 1 )  cannot,  now  he  neglected. 
With  this  point*in  mind,  only  pertinent  results  are  discussed 
below-. 

Characteristics  theory. — The  compatibility  equations  relat¬ 
ing  fluid  properties  along  Mach  lines  may  he  written  as 
follows: 

<>P_  1  /^,Tv.^i  /<L3  \  , 

d/  Kdij/^U  L  M  V></+ 

?®)-i(lf)3}  « 

and 

<>p  +pU*  /  do  _  l  /bS\  1  rvw*-i  /da\_ 

dC’st  \dC„  ;\7  \dy)  ''u  [_  yf  \dl) 

The  definition  of  the  X -Z  plane  ns  the  osriilafing  plane  of  a 
pathline  (streamline  in  steady  flow)  remains  as  before,  lienee 
equation  (19)  still  applies  in  the  X-Y  plane  in  the  region  of 
the  origin.  The  rotation  of  the  osculating  plane  and  varia¬ 
tion  of  the  principal  curvature  of  a  pathline  with  motion 
along  it  are  now,  however,  obtained  with  the  aid  of  the 
t  elutions 

iP& _ I  d_/dp\  Oil  /do\  ..... 

ilx1  pu2  dx  \dyj~dx  \dx ) 

and 

tl-i  1  if  / dp\  /do  ,  3</u  ,  1  dp\ </J  ...... 

dxr  pv‘  dx\dz)  \  dz'n  dr*r  pa*  dx)  dx  ’’ 


Simplified  two-dimensional  theory.  It.  is  recalled  that  the 
essential  simplification  m  our  treatment,  of  tliree-dimelisiouiil 
steady  flows  derived  from  the  fact-  that  they  often  appear 
locally  two-dimensional  and  lienee  they  can  he  treated  with 
the  gcncrnlucd  shock-expansion  method  of  reference  7.  In 
the  following  si  inly  of  nonsteady  flows  we  will  profit  from  this 
experience  by  anticipating  that  the  desired  simplified  theory 
is  again  this  shock-expansion  method.  Accordingly,  our 
problem  is  reduced  (o  that  of  determining  the  conditions 
under  which  the  method  can  he  applied  to  the  calculation  of 
nonsteady  hypersonic  flows. 

One  condition  is,  for  all  practical  purposes,  self-evident, 
namely,  the  local  Much  number  of  the  disturbed  flow  must, 
be  everywhere  huge  compared  to  I.  This  requirement,  must- 
manifest  itself  since,  otherwise,  nonsteady  disturbances 
created  an  appreciable  distance  upstream  and, 'or  downstream 
of  a  particle  could  significantly  influence  its  behavior  in  the 
disturbed  flow  field  (see  lig.  -1,  noting  that  in  case  of  thick 
body,  particle  b  is  influenced  by  disturbances  originnting:iu 
particles  a  and  e)  and  this  situation  would  preclude  the  pos¬ 
sibility  of  Fraud tl-M ever  type-flow  along  pafhliues.  It  fol¬ 
lows  then  that,  the  shock-expansion  method  can  bo  applied 
only  to  thin  or  slender  shapes  (i.  e.,  shapes  producing  How 
deflections  small  compared  to  1)  at  hypersonic  speeds. 


Fluid  potlielM— 


Shock  wove — 


-Wove  (iwts ot 
distwbances 
generated  in  porlicles 

i  /-I  0  Ond  C 


\ 

M  »l— A 


Finciti:  l.  .Propagation  of  non.-teail.v  <lptiirbuncv«  in  How  about  lliick 
and  lliin -bodies. 

With  this  requirement  in  mind  it  is  convenient  to  rewrite 
the  compatibility  equations  (if if)  and  (34)  in  the  form  they 
assume  when  1.  Thus  with  slight  rearranging  we  have 

dp  ,1  dp  —pu*  /  dS  ,  I  05  .  1  &A  1  du\ 
dC„+u  dt  ^  M  \dr,i  «  d~r.\i  dy  Mt?W 


dp  pu 2  /  d$  i  *  dA  |  1  du\ 

V dCt,+u  dl  M  dy^Afu*  dl-J 


dp  ,1  dp  pu‘ 
dCiXu  di~M 


Now,  consistent  with  the  requirement  il/S-1,  the  term 
(llAlu'Hduldt)  on  the  right,  in  these  equations  can  he 
neglected  by  comparison  to  the  other  terms.  If,  in  addition, 
we  defino  (after  eq.  (37))  the  derivatives 


These  equntions-aro  basic  to  characteristics  theory  in  its 
application  to  three-dimensional  nonsteady  Hows  (sec  ref. 
20),  .However,  as  in  the  ease  of  steady  flows,  they  can  best, 
be  employed  for  our  purposes  (o  obtain  a  simplified  method 
of  calculation. 


and  note  that  now 


'1_  d 
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then  these  equations  can  l)e  combined  to  jield  the  pressure 
gradicnUalong  a  pathlinc  in  the  following  form 


“ 

r.  <wc<r 

“ 

<16 

<(jc 

ti&fiU'ii 

M  by 

(3S) 


lint  Jg  is  nnalagotis  to  D,  in  steady  flow;  tlml  is,  in  the 

exeat  (lie-term  (l,.l/)  (bbiby)  is  negligible  in  this  expression, 

(7 i/!ic!  *)e  Rlvntified  with  disturbances  reflected  from 

shock  waves  in  the  flow.  .Just  us  in  the  case  of  steady  flow 
(see  ref. -7),  however,  these  reflected disturbances  are  of  very 
small  strength  by  comparison  to  the  incident  disturbances 

when  d/3>l  and  so  “must  he  small  compared  to  1. 
Provided. -then,  that 


d/»l 


|  rfaL  l  |&a 


W: 


equation -(38)  may  be  written  1 


(39) 


(dO) 


dp  /uFdo 

dr  M:dt 

which  result  implies,  of  course,  Prundil-Meycr  flow  along 
puthlitics.  It  follows  that  equations  (159)  are  snflicienl  con¬ 
ditions  under -which  the  generalized  shock-expansion  method 
can  he  used  to  calculate  nonsteady  hypersonic  flows. 

When  these  conditions  are-satisfied,  we  note,  by  analogy 
to  the  steady  flow  case,  that  pathlincs  in  the  surfaces  swept 
out  by  elements  of  fluid  adjacent  to  shapes  in  nonstcady 
motion  are-approximated  by  geodesies  or,  even  simpler,  lines 
of  curvature  of  these  surfaces.  It  is  not  to  be  implied,  of 
course,  thnf.pnthlines  must  always  be  such  curves  in  order 
for  fluid  properties  to  behave  as  in  Prandll-Meyer  flow.  In 
fact,  again,  just  as  in  the  case  of  steady  flow,  if  the  condition 
b/ii  .  I  ilS  .  1  d^l  .  .  ,  ,  ,  , 

\iTti\<lPi  1S  n|ther  than  the  second  of 

equations  (39),  pathlines  are  not  necessarily  geodesics  (or 
lines  of  curvature)  even  though  the  first  of  equations  (39) 
and  hence  equation  (10)  holds  along  these  lines. 

One  notes  that  within  the  framework  of  this  approximate 
analysis,  (he  calculation  of  nonstcady  flows  at  the  surface 
of  slender  bodies  traveling  at  high  supersonic  speeds  should 
not  prove  unduly  diflicult  To  illustrate, consider  nuoseillaling 
airfoil  as  shown  in  figure  5.  The  pressure  at  any  point 
along  the  patiiiino  shown  is  readily  deduced  by  simply 


integrating  equation  y!0>  along  this  line  from  the  leading 
edge  of  the  airfoil  to  the  point,  in  question.  The  whole 
How  field  ns  a  function  of  time  may  be  calculated  by 
employing  the  generalized  shock-expansion  method  for 
steady  flows  (see  ref.  7)  in  a  series  of  planes  located  small 
distances  apart  in  time.  This  example  serves  to  emphasize 
that,  in  general, .the  time  history  of  fluid  elements  must  lie 
known,  at  least  to  the  extent  of  fixing  their  initial  flow  direc¬ 
tion  and  entropy."  It  is  also  evident  that  again,  as  in  the 
ease  of  steady  How,  the  general  results  of  the  analysis  are 
consistent  with  the  predictions  of  the  hypersonic  similarity 
law  for  nonstcady  flows  about  slender  related  shapes  (ref.  ">). 

These  considerations  complete  our  general  treatment  <, 
inviscid  hypersonic  flows.  It  is  appropriate  to  turn  next  to 
effects  of  viscosity  ns  they  relate  to  the  hypersonic  boundary 
layer. 

VISCOUS  FLOW— THE  HYPERSONIC  IIOUNDAHY  LAYER 

The  arguments  presented  here  are  concerned  with  the 
steady  hypersonic  boundary  layer,  and  they  will  be,  for  the 
most  part,  physical."  Furthermore,  they  will  appear  ns 
natural  extensions  of  conclusions  reached  in  our  study  of 
inviscid  hypersonic  flow.  Let  us  reconsider,  then,  the  motion 
of  the  inviscid -fluid.  We  have  established  that  this  motion 
is,  under  certain  well-defined  circumstances,  confined  locally 
to  planes  normal  to  the  surface  of  a  body  and  tangent  to 
surface  streamlines.  Correspondingly,  there  is  no  sensible 
momentum  transfer  across  these  planes.  Now  if  viscous 
forces  are  set  up  in  the  /low  bounding  the  surface,  we  recog¬ 
nize  that  they will  act  to  resist,  the  motion  of  the  fluid — that 
is,  the  motion  in  the  normal  planes.  Evidently,  then,  these 
forces  act-  in  the  same  planes  of  local  two-dimensional  flow 
ns  the  pressure  forces,  and  it  must  follow,  of  course,  that 
resultant  changes  in  momentum  of  the  fluid  also  occur  in 
these  planes. 

Consider  now-  the  changes  in  energy  of  the  disturbed  fluid. 
These  changes  can  be  brought  about  by  viscous  or  dissipa¬ 
tive  work,  pressure  work,  heat  convection,  and  heat  conduc¬ 
tion.1’  It  was  just-  found,  however,  that  the  forces  doing 
work  act  in  the  normal  planes,  hence -we  conclude  flint  the 
corresponding  changes  in  energy  occur  in  these  planes. 
Similarly,  heal  is  converted  in  the  normal  planes,  since  mass 
is  converted  ‘in- -these  planes.  Finally,  we  conclude  also  that, 
heat-  is  conducted  locally  in  the  normal  planes  inasmuch  as 
the  temperature  gradients  set  up  by  the  action  of  viscous 
forces  arc  confined  primarily  to  these  planes."  Evidently, 
then,  changes  in  energy  of  the  fluid  can  be  treated  locally  as  a 
two-dimensional  phenomenon  in  planes -normal  to  the  surface 
of  a  body. 


Airfoil  ot 

My»  I 

Pothllneof  padicle  sti 
leading  edge  at  lime 

Airfoil  ot 

-Fioukb  5.  Oscillating  air/oil  in  hypersonic  flow. 


19  The  derivation  ol eguaUuii  vWi  pieaented  hut  Jus  Wit  tuiuc  ol  being  both  trivt"  complete 
amt  more  general  than  the  coxreji*mdiiij:  derivation  of  referenw  20. 


ii  In  tho  specM  case  of  tdendf r  alt  foil!  for  w  Iilch  the  hj  ptwnfc similarity  inrameter  of  the 
How  is  less  than  I,  entropy  gradient*  In  the  disturbed  How  can  freiuctitl)  In?  neglected,  with 
the  ndvaniajttofrelailni:  these  twoem  l!tbn«nnd  thus snbttjnthlly  simplify  In*  th«  problem 
(see*!*  r , rtf. 29), 

>'  Although  not  pnrjcntrJ,  coircipondlnit  mathematical  arguments  hau*  Iwn  jr/rMied 
using  the  Navier-Stokw  and  energy  eyiatlons.  and  the  final  remits -rmflrm  tho^c  obtained 
here.  Jt  is  indicated.  too,  that  tliese  results  may  apply  ntso  to  no  isteadj  boundiry.iayej 
How 

i»  Radiation  and  absorption  may,  of  course,  a’so  contribute  to  the  energy  chance*,  however, 
jt  Is  t eyeiid  the  scope  of  this  pa|<r  to  consider  these  phenomena 
n  One  might  conceive  of  severe  terujerature  f-rodlents  being  imposed  at  th«  wall  boundary 
by,  im  ewtnpk,  eitremely  nonmiitoim  mwIimx’  cooling.  Mich  gtailent',  it  transverse  to 
streamlines,  would  naturally  Invalidate  this  argument. 
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Tims  far  we  have  been  concerned  mainly  with  forces  and 
their  relation  to  the  moment uin  and  energy  of  the  fluid. 
The  question  of  conserving  mass  remains  to  he  investigated. 
It  will  he  recalled  that  the  requirement  of  conservation  of 
mass  was  the  essential  factor  which  determined  when  the 
generalised  shock-expansion  method  could  be  employed  to 
calculate  three-dimensional  flows.  This  requirement  is 
physically  (and  mathematically;  the  same,  independent  of 
whether  or  not  viscous  forces  come  into  play.  We  conclude 
then  that  for  the  purposes  of  this  study,  equation  ^25;  can  he 
used  to  determine  when  the  three-dimensional  boundary  layer 
tan  he  calculated  with  two-dimensional  equations.  Prom 
equation  (25)  it  is  indicated  that,  the  boundary  layer  must  be 
largely  hypersonic  if  this  calculation  is  to  be  permissible. 
It  is  not  to-be  implied,  however,  that  the  boundary  layer 
always  becomes  two-dimensional,  as  on  an  airfoil,  if  the 
stream  Mach  number  is  made  extremely  large.  Pur  example, 
In  the  case  of  axial  flow  about  the  right  circular  cone,  equa¬ 
tion  (25)  is  violated  independent  of  Mach. number  tjust  as 
with  inviscid  flow;  and  we  must  use  something  like  the 
Mangier  transformation  <ief.  30;  in  the  boundary -lay  er 
i  idcula lions.  On  the  other  hand,  if  the  body,  instead  of 
being  ronical,  is-curved  in  the  stream-direction,  then  it-  is 
indhated  that  the  boundary -layer  flow  should  approach  the 
two-dimensional  type  with  iuu easing  Math  number. 

This  discussion  completes  our  arguments  regal  ding  the 
iwu -dimensionality  of  iluee-diiuensional  by  per  soldi  flows. 
Attention  is  turned  next  Ion  practical  application  of  this 
concept. 


I 

I 

I 
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do  not.  intersect  each  other  are  tire  meridian  lines.  In 
addition,  the  meridian  lines  are  the  only  geodesies  which, 
like  the  streamlines,  pass  through  the  vertex.  When  tlio 
shock-expansion  inellu  1  is  applied,  then,  surface  streamlines 
are  approximated  by  meridian  lines.  Strictly  speaking, 
however,  this  approximation  is  valid  only  in  the  case  of 
or<<Cl.  (It  is,  of  course,  always  true,  independent  of  rt 
on  the  extreme  windward  and  leeward  sides  of  a  body.) 
Evidently,  then,  the  generalized  shock-expansion  method 
should  be  applicable  to  curved  bodies  of  revolution  only  at 
small  angles  of  attack  in  flows  characterized  by  a  value  of 
the  hypersonic  similarity  parameter  greiner  than  about  1. 

The  procedure  for  determining  flow  conuitions  at-  the 
surface  of  a  lifting  body  is  entirely  analogous  to  that,  em¬ 
ployed  in  the  application  of  the  shock-expanston  method 
to  the  nonlifting  body  (ref.  10;.  Thus,  it  is  assumed  that 
the  flow  at  tho  vertex  is  the  same  as  that  for  a  cone  tangent 
to  the  body  at  this  point  and,  hence,  may  be  determin'd 
from  existing  conical-flow  theory  (see,  e.  g.,  ref.  31  for 
moderate  supersonic  Mach  number's  and  ref.  32  for  nigh 
supersonic  Mach  numbers;.  More  specifically,  the  Mach 
number  at  the  vertex  under  the  vortical  layer"  may  be 
calculated  by  means  of  the  per  Intent  coiucnl-flou-exp'essions 
in  reference  31  or  reference  32.  Tho  variation  of  Mnr.li 
number  downstream  of  the  vertex  is  then  obtained  by  means 
of  the  Prandtl-Meyer  angle  r  (see,  e.  g.,  ref.  33  which  in 
turn  is  determined  from  the  rsentropic  expansion  relation 

5.i+r.t=Sn+ r»  (H) 


APPLICATION  OF  THEORY  TO  HODIES  OF  REVOLUTION  IN 
STEADY  FLIGHT 

The  critical  feature  of  this  application  is  the  analysis  of 
the  inviscid  flow,  since  known  two-dimensional  boundary- 
layer  solutions- can  be  readily  employed  once  this  flow  is 
known.  Accordingly,  the  following  discussion  is  restricted 
to-ihe  inviscid  (low  problem. 

Xow  it-  was  shown  previously  in  this  paper  that  a  large 
class- of' hypersonic  flows  which  arc  basically  three-dimen¬ 
sional  can  he  tabulated  with  a  generalized  shock-expansion 
method  which  is  analogous  to  that  employed  in  reference  7 
ior-studying  flow  about- airfoils.  Specifically,  this  treatment 
is -permissible  when  disturbances  associated  with  the  diver¬ 
gence  of  streamlines  in  planes  tangent  to  a  surface  can  be 
considercd  uegligible  compared  to  those  associated  with  the 
curvature  of  streamlines  in  planes  normal  to  the  surface  (see 
cq.  (25)).  -For  the  case  of  nonmclined  bodies  of  revolution 
winch  arc  curved  in  the  stream  direction,  this  requirement  is 
satisfied  when  the  hypersonic  similarity  parameter  K  is 
-greater  than  about.  1  (see  ref.  101.  For  inrlim'd  bodics.  tm 
additional  restriction  is  imposed.  This  point  is  perhaps  best 
clarified  by  considering  tire  problem  of  calculating  Mow  at 
the  surface, 

FLOW  AT  THE  SURFACE 

It  follows  from  the  inviscid  flow  analysis  that  when  the 
generalized  shock-expansion  method  applie.  in  the  region 
downstream  of  the  vertex,  surface  streamlines  can  he 
approximated  by  geodesic  lines.  The  only  geodesies  on 
the  surface  of  a  body  of  revolution  which,  like  streamlines, 


where  .1  and  IS  are  different  points  on  the  same  meridian 
line.  Since  the  How  is  isentropic  in  the  windward  plane  of 
symmetry  downstream  of  the  shock  at-  tho  vertex  and  around 
the  surface  of  tire  body,  tho  pressure  distribution  (in  co¬ 
efficient  form;  is  readily  obtainable  with  the  aid  of  the  expres¬ 
sion 


(32) 


where  is  the  pressure  rise  across  the  shock  at  the 

vertex  on  the  windward  side  of  die  body  and  is  determined 
from  comeal-flow  theory .  The  ratio  /<//;,  is  giv eu  by 


Jl 

)>< 


1+V-m/ 

i+y~Up 


(«) 


where  M  is  known  from  equation  (31)  and  At,  is  the  Mach 
number  immediately  downstream  of  the  shock  on  the  wind¬ 
ward  side  of  the  body  at  the  vertex  and,  hence,  is  also 
del ci  mined  Aom  conical-flow  theory. 


FLOW  OFF  TUB  SURFACE 

Flow  in  meridian  planes  around  bodies  of  revolution  may 
he  calculated  by  the  generalized  shock-expansion  method  in 
much  the  same  manner  ns  the  prou’dure  employed  in  refer¬ 
ence  7  for  How  about  airfoils.  However,  the  application  of 
the  method  is  somewhat  more  complicated  for  the  case  of  a 


J»  Since  a  vortical  lajcr  exists  around  the  hotly  surface  at  tho  vertex  (sec,  c.  g ,  ref.  13)  a 
vortical  tojer  m»tst  al<o  exist  downstream  of  tho  vertex, 
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Thus  far  we  have  been  concerned  mainl.v  with  forces  and 
their  relation  to  tile  momentum  and  energy  of  the  ihtid. 
The  question  of  consort  ing  mass  remains  to  lie  investigated. 

It  vv ill  he  recalled  that  the  requirement  of  conservation  of 
mass  was  the  essential  factor  which  determined  when  the 
generalized  shock-expansion  method  could  he  employed  to  . 
calculate  three-dimensional  Hows.  This  requirement  is  . 
physically  (mid  mathematically  >  the  same,  independent  of  . 
whether  or  not  viscous  forces  come  into  play.  We  conclude  , 
then  that- for  the  purposes  of  this  study ,  equation  )2.">  .an  he  . 
used  to  determine  when  the  thieo-dimcnsional  boundary  layer  , 
ran  he  calculated  with  two-dimensional  equations.  From  . 
equation  <25>  it  is  militated  that  the  boundary  layer  must  be  . 
hugely  hypersonic  if  this  calculation  is  to  be  petimssible.  , 
It  is  not  to  In  implied,  however,  that,  the  boundary  layer  . 
always  becomes  two-dimensional,  as  on  an  airfoil,  if  the  . 
siieam  Mach  number  is  made  extremely  large.  Tor  example,  | 
in  the  cose  of  axial  flow  about  the  right  circular  cone,  eqttn-  , 
tiou  \25)  is  violated  independent  of  Mach  number  tjust  as  j 
with  inviseid  flow;  and  we  must  use  something  like  the 
Mangier  transformation  <rcf.  30)  in  the  boundary-layer 
calculations.  On  the  other  hand,  if  the  body,  instead  of 
being  conical,  is  curved  in  the  stream  direction,  then  it  is 
indicated  that  the  boundary  -layer  How  should  approach  the 
two-dimensional  type  with  increasing  Mach  numbei. 

This  discussion  completes  our  arguments  regarding  the 
mu-dimensionality  of  iliiee-dimeiisiona)  hypersonic  flows. 
Attention  is  turned  next  to  a  practical  -application  of  this 
concept. 


do  not  intersect  each  other  are  the  meridian  lines.  In 
addition,  the  meridian  lines  are  the  only  geodesies  which, 
like  the  streamlines,  pass  through  the  vertex.  When  the. 
shoek-expiMision  method  is  applied,  then,  surface  .sU'enmliiics 
arc  approximated  by  meridian  lines.  Strictly  speaking, 
however,  this  approximation  is  valid  only  in  the  case  of 
«<i<^l.  (It  is,  of  course,  always  true,  independent  of  n 
on  the  extreme  uiudnnid  and  leeward  sides  of  a  body.) 
Evidently,  then,  the  generali/.ed  shock-expansion  method 
should  he  applicable  to  curved  bodies  of  revolution  only  at 
small  angles  of  attack  in  flows  charactcri/.ed  by  a  value  of 
the  hypersonic  similarity  parametei  greater  limit -about  1. 

The  procedure  for  determining  flow  conditions  at  the 
surface  of  a  lifting  body  is  entirely  analogous  to  that  em¬ 
ployed  in  (lie  application  of  the  shock-expansion  method 
to  the  lionlifting  body  (ref.  10).  Thus,  it  is  assumed  chat 
the  How  at  tho  vertex  is  the  same  ns  that  for  a  cone  tangent 
to  the  body  at  this  point  and,  hence,  may  he  detenu’ll .ed 
from  existing  conical-flow  theory  (.see,  e.  g.,  ref.  31  for 
moderate  supersonic  Mach  numbers  and  ref.  32  for  nigh 
supersonic  Mach  numbers).  More  specifically,  the  Mach 
number  at  the  vertex  under  the  vortical  layer  "  liny  he 
calculated  by  means  of  the  pertinent  conical-flow  expeessions 
in  reference  31  or  reference  32.  The  v  mini  ion  of  Mach 
number  downstream  of  the  vertex  is  then  obtained  by  means 
of  the  Prandtl-Mcycr  angle  r  isee,  e.  g.,  ref.  33  which  in 
turn  is  determined  from  (lit  iseutropic  -expansion  relation 

5.1+r.c— ia+ea  (41) 


APPLICATION  OF  THEORY  TO  HOlHES  OF  REVOLUTION  IN 
STEADY  PLIGHT 

The  critical  feature  of  this  application  is  the  analysis  of 
the  inviseid  flow,  since  known  two-dimensional  hoimdaiy- 
lnyer  solutions  can  he  readily  employed- once  this  flovy  is 
known.  Accordingly,  the  following  discussion  is  restricted 
to  the  inviseid  (low  problem. 

Now  it-  was  shown  previously  in  this  paper  that  a  large 
class  of  hypersonic  Hows  which  are  basically  three-dimen¬ 
sional  van  he  uihiilated  with  a  generalized  shock-expansion 
method  which  is  analogous  to  that  employed  in  reference  7 
for  studying  flow  about  airfoils.  .Specifically,  tin’s  treatment 
is  permissible  when  disturbances  associated  with  the  diver¬ 
gence  of  streamlines  in  planes  tangent  to  a  surface  can  lie 
considered  negligible  compared  to  those-  associated with  tho 
curvature  of  streamlines  in  planes  normal  to  the  surface  (see 
eq.  (25)).  Tor  the-  case  of  noninclincd  bodies  of  revolution 
which  are  curved  in  the  stream  direction,  this  requirement  is 
satisfied  when  tho  hypersonic  similarity  parameter  K  is 
greater  than  about  1  (see  ref.  10).  For  inclined  bodies,  an 
additional  restriction  is  imposed.  This  point  is  perhaps  best 
clarified  by-  considering  the  problem  of  calculating  How  at 
the  surface. 

flow  at  Tim  stmrArn 

It  follows  from  tile  inviseid  (low  analysis  that  when  tho 
generalized  shock-expansion  method  applies  in  the  region 
downstream  of  the  vertex,  surface  streamlines  can  he 
approximated  by  geodesic  lines.  The  only  geodesies  oil 
the  surface  of  a  body  of  revolution  which,  like  streamlines, 


where  .1  and  II  are  different  points  on  the  same  meridian 
line.  Since  the  How  is  iseutropic  in -the  windward  plane  of 
symmetry  downstream  of  the  shock  at  the  vertex  and  around 
the  surface  of  tiic  body,  tho  pressure  distribution  tin  co¬ 
efficient-form!  is  readily  obtainable  with  the  aid  of  the  expres¬ 
sion 


(42) 


where  /,„/,»  is  the  pressure  rise  across  the  shock. at  the 
vertex  on  the  windward  sale  of  the  body  uiuhis -determined 
from  conical-flow  theory.  The  ratio-/),  //,  is  given  by 


1+Vdf/ 


,  V  , 


(43) 


where  'M  is  known  from  equation  (41)  and  M,  is  the  Maeli 
number  immediately  downstream  of  the  shoefcon: the  wind¬ 
ward  side  of  the  body  at  the  vertex  and,  hence,  is  also 
determined  from  conical-flow  theory-. 


now  OFF  TUB  SUHFACB 

Flow  ill  meridian  planes  around  bodies  of  revolution  may 
be  calculated  by  the  generalized  shock-expansion  method  in 
much  the  same  manner  ns  the  procedure-employed -in  refer¬ 
ence  7  for  flow  about  airfoils.  However,  thc  application  of 
the  method  is  somewhat  more  complicated  for  the  ease  of  a 


i*  Sint*  a  vox  Ileal  layer  exists  around  the  body  surface  at  the  vertex  (sec,  e,  g.,  ref.  13)  o 
vortical  U>cr  must  also  exist  downstream  of  tho  vertex. 
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body  of  revolution  since  now  the  influence  of  the  conicnl- 
llow  region  at  the  vertex  must  be  considered.  An  analysis 
for  How  in  the  region  of  the  vertex  of  a  nonlifting  body  of 
revolution  (A’>1)  was  presented  in  reference  34  and  expres¬ 
sions  were  developed  which  yield’thc  shock-wave  curvature 
as  w  ell  ns  flow  conditions  along  a  lino  (normal  to  the  body 
axis)  a  short  distance  downstream  of  the  vertex.  This 
analysis  was  extended  to  lifting  bodies  and  more  general 
expressions  were  presented  in  reference  32.  Thus,  initial 
conditions- in  the  region  of  the  vertex  can  be  established. 
There  remains  the  determination  of  flow  conditions  along 
meridian  lines  downstream  of  the  vertex  externally  adjacent 
to  the  vortical  layer  These  conditions  may  he  determined 
in  the  same  manner  as  foi  flow  directly  on  the  sin  faro  (i.  c., 
under  the  vortical  layer),  except  that  now  initial  flow  condi¬ 
tions  externally  adjacent  to  the  vortical  layer  at  the  vertex 
are  employed  in  the  isentropic  expansion  relations.  Con¬ 
struction  ofifhe  (low  field  botween-thc  shock  and  the  vortical 
layer  in  each meridian  plane  can  then  proceed  in  a  manner 
analogous-to  that  for  the  two-dimensional  airfoil  discussed 
in  reference  7.  To  illustrate,  consider  the  How  in  a  meridian 
plane  of  a  lifting  hodv  of  revolution  (see  fig.  0). 

y 


I'icukb  0. — Schematic  diagram  of  (low  field  about  a  body  of  revolution. 

All  fhiid  propcrties  at  points  N,  A',  A,  1)  and  so  forth,  on 
the  body  surface  external  to  the  vortical  lover  are  calculated 
with  (he  aid  of  the  oblique  shock-wave,  conical-flow,  and 
expansion  equations.  Flow  conditions  along  the  line  AG 
may  then  be  determined  (see  ref.  32).  It  will  be  recalled 
(see  ref.  7)  that  a  basic  condition  employed  in  constructing 
flow  fields-about  airfoils  by  the,  generalized  shock-expansion 
method  is  that  the  pressure  is  constant  along  Mach  lines 
emanating  from  the  surface.  In  the  case  of  How  about 
pointed  bodies  of  revolution,  this  condition  can  be  relaxed 
to  account  for  the  small  variations  in  pressure  due  to  the 
influence  of  the  conical  type  flow  iitthe  region  of  the  vertex. 
The  procedure  is  ns  follows.  The  Mach  line  A'G  is  con¬ 
structed  using  the  known  conditions  in  the  region  NAG 
shown  in  the  sketch.  The  net  pressure  change  along  this 
.Mach  line  (i.  c.,  pc— V\>)  is  tints  determined.  This  pressure 
difference  is  then  assumed  to  lcpivseni  (he  net  pressure 
change  bel ween  the  body  surface  and  the  shock  along  each 
Mach  line-- emanating  from  the  surface  downstream  of  the 
vertex  The  flow  field  is  constructed  using  this  criteria  in 
conjunction with  the  isentropic  expansion  relations  for  (low 
along  stream  lines. 


FORCES  AND  MOMENTS  ACTING  ON  BODIES  OK  REVOLUTION 

Jt  is  of  interest  now  to  consider  briefly  the  forees  acting 
on  a  body  of  revolution.  In  the  previous  discussion, 
attention  was  called  to  the  fact,  that  the  flow  is  isentropic 
in  the  windward  plane  of  symmetry  iiMhc  vertex  ns  well  as 
on  tlie  surface  of  the  body.  This  result  materially  reduces 
the  net- labor  associated  with  carrying  out  the  calculations 
to  determine  the  pressure  distributions  around  the  body 
downstream  of  the  vertex  since  the  pressure,  rise,  as  well  as 
the  change  in  entropy  through  the  shock,  need  bo  considered 
only  in  this  plane  at  the  vertex.  The  normal-force,  axial- 
force,  and  pitching-moment  coefficients  may  be  obtained 
from  the  expressions 

C*°yM%‘jij;ircos*(,vdr  (44) 

r^XW«X r lmS (U  (45) 
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respectively,  where  </  is  the  diameter  of  the  base,  r  is  (lie 
radius  of  the  bod v,  <f  is  the  meridian-angle  measured  from 
the  plane  of  symmetry  on  the  windward -side  of  the  body, 
and  x  is  measured' along  (he  body  axis.  If  equations  (44) 
and  (4G)  are  differentiated  with  respect  to  a  and  the  condi¬ 
tion  of  constant-entropy  on  the  surface  is  employed,  there 
is  obtained 


j:  *  m;  m  -  «*  -  *  * 

(47) 


and 


(C„  )  =  f  I”  £-  rx  cos  „  <ts 

v  '/MJiil‘1  Ji,  Jo  p.v  sill  2/i  da  \p„/ 
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These  expressions  define  the  initial  slopes  of  the  nornuil- 
forre-  and  pitching-momenl-eoeflicicnt  curves,  respectively, 
and  may  bo  rewritten  in  terms  of  the  initial  'normal-force- 
curve  slope  for  a  eone  tangent  to  the  body  at  the  vertex: 
thus, 


and 


(49) 


(50) 


where  the  subscript  TCX  refers  to  a  cone  tangent  at  the 
vertex.  Thu  calculations  necessary  to  determine  the  initial 
normal-force-  and  pitehing-moment-eurvo  slopes  for  a  body 
of  revolution  are  then  relatively  simple,  since  (Cv„)rcv  may 
be  easily  obtained  from  reference  12  or  from  chart  8  in 


TWO-DIMENSIONAL  APPROACH  TO  CALCULATION  OP  THREE-DIMENSIONAL  HYPERSONIC  FLOWS 


11 


reference  33.  The  Much  number  ami  pressure  distribu¬ 
tions  along  the  body  are  obtained  by  the  shock-expansion 
method  for  (lie  case  «=  0.  When  these  distributions  have 
been  determined,  the  integral  terms  in  equations  (49)  and 
(50)  are  easily  evaluated  by  numerical  integration  or  by 
graphical  methods. 

SIMPLIFIED  EXPRESSIONS  FOR  SLENDER  BODIES 

In  the  case  of  slender  bodies  traveling  at.  very  high  super¬ 
sonic  Maeli  numbers  and  very  small  angles  of  attack  the 
calculations  of  fluid  properties  at  the  surface  become  rela¬ 
tively  simple.  In  fact,  fluid  properties  downstream  of  the 
vertex  may  be  related  to  those  at  the  vertex  by  means  of 
explicit  algebraic  expressions.  In  particular,  the  local  Mach 
number  and  pressure  distributions  on  the  surface  of  a  slender 
body  may  be  written  (see  ref.  32) 


V  (>  (52) 


respectively,  where  6  is  measured  relative  to  the  body  axis 
in  these  and  subsequent  expressions.  Equations  (51)  and 
(52)  combine  with  the  corresponding  conical-flow  equations 
(ref.  32)  to  predict  the  ratios  of  local  to  free-stream  Mach 
numbers  and  local  to  free-stream  static  pressures  to  be  the 
same  at. corresponding  points  on  related  bodies,  provided  the 
flow  fields  about  these  bodies  are  defined  by  the  same  re¬ 
spective  values  of  the  hypersonic  similarity  parameters 
it /#4„v  and  M^a  (or  a/J.v).  These  predictions  are  in  agreement 


with  those  of  reference  3  for  inviscid  flow  about  slender 
three-dimensional  shapes,  and  they  enable  the  solution  of 
equations  (51)  and  (52)  in  terms  of  tabulated  functions  of 
the  similarity  parameters.  Calculations  over  a  range  of 
.l/„6.v  from  0.00  to  “  and  a,'4.v  from  0  to  1  were  carried  out. 
for  flow  at  the  vertex  of  a  body  of  revolution'*  and  the  results 

of  these  calculations  for  the  flow  parameters 

^jj nlM*  CMA)**  are  tabulated  in  table  d  for  30° 

increments  of  <?  from  0  to  ir.  For  a  given  MmSy  and 
Mm  a,  the  Mach  number  on  the  surface  of  a  body  downstream 
of  the  vertex  is  readily  obtained  with  the  aid  of  these  tabu¬ 
lated  parameters  when  used  in  conjunction  with  equation 
(51).  The  pressure  coefficient  is  easily  calculated  by  means 
of  equation  (52). 

The  results  from  table  1  may  also  be  used  to  good  advan¬ 
tage  in  determining  the  initial  slopes  of  the  normal-force-  and 
pitcliing-moment-coeflicient  curves  for  slender  bodies.”  For 
example,  when  3/>>l  and  5<<1,  equations  (49)  and  (50) 
combine  with  equations  (51)  and  (52)  to  yield 
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respectively,  where 
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These  expressions  are  easily  evaluated  with  the  aid  of  the 
tabulated  flow  parameters  in  table  I  for  the  case  o,'4.v— 0. 

EXPERIMENT 

In  Older  to  obtain  a  cheek  on  the  predictions  of  the  pre¬ 
ceding  theoretical  analysis,  the  pressures  acting  on  the 
surfaces  of  bodies  of  revolution  corresponding  to  values  of 
the  hypersonic  similarity  parameter  K  from  0.00  to  2.1  at 
(Mach  numbers  from  3.00  to  G.30  were  determined  experi¬ 
mentally.  The  bodies  were  tested  at  angles  of  attack  up 
to  15°.  A  brief  description  of  these  tests  follows. 

TEST  AITARATUS 

Tests  were  conducted  in  the  Ames  10-  by  14-inch  super¬ 
sonic  wind-tunnel.  A  detailed  description  of  the  wind  tunnel 
and  auxiliary  equipment  may  be  found  in  reference  35. 


The  pressures  acting  on  the  model  surfaces  were  measured 
with  a  mercury  U-tube  manometer  oi  by  means  of  McLeod 
gages  when  the  pressures  were  low  enough  to  bo -recorded 
on  the  latter. 

Pressure-distribution  models  were  mounted  on  a  0°  model 
support  and  on  5°,  10°,  and  15°  bent  supports.  The  test 
models  were  two  tangent  ogives  having  fineness  ratios  3  and 
5  andtwo  cones  haviagtkc  same  vertex  angles  asThe  ogives. 
The  dimensions  of  these  models  and  location. of  the  pressure 
orifices  are  shown  in  figure  7. 

The  conical  flow  expressions  presented  In  reference  32  were  employed  In  these  calctilat  Ions. 
It  will  I*  noted  In  table  t  that  the  "aide  ot  Is  not-  given  for  all  values  of  *>.  This 

results  from  the  fact  that  asa-*$,v  ami  A/»Jv-*w,  the  assumption  oi  an  infinitesimally  thin 
wjilUxii  layct  is  violated  ami,  hence,  the  slentiei  cone  ihcoiy  > k'ids  umeultsUe  Jesuits  toi  these 
conditions. 

11  The  Initial  axiat*foroc<ur\csk>i>e  is,  ot  course,  zero  duo  to  symmetry. 
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Orifice  location  shown  by  t 
All  dimensions  in  inches 


Cireulor-orc  ogival  models 

Kiowa:  7. — Dimensions  of  pressure-distribution 

TESTS  AND  PROCEDURE 

Pressures  on  the  model  surfaces  were  measured  at.  0°, 
5°,  10°,  and  15°  angles  of  attack  and  at  test  Macli  numbers 
of  3.00,  4,25,  and  5.05.  Pressures  on  (ho  fineness-rat  io-3 
ogi\  0  (ns  well  as  on  the  corresponding  cone)  were  also  obtained 
at  a  tostOilneh  number  of  0.30  and  at  0°  and  5°  angles  of 
attack.  The  Reynolds  numbers  (based  on  maximum  diam¬ 
eter  of  the  ogives)  were  1  00  million  at  Much  numbers  3.00 
and  4.25,  0.32  million  at  Mach  number  5.05,  and  0.22 
million  at  Mach  number  0.30. 

The  pressures  around  the  -cone  surface  (0°  to  300°)  at 
meridian  stations  45°  apart  were  recorded  simultaneously 
at  each  Mach  number  and  angle  of  attack.  In  the  case  of 
the  two  ogival  models,  the  pressures  were  recorded  at 
meridian  stations  90°  apart.  Each  model  was  then  rotated 
45°  about  its  longitudinal  axis- (except-  at  0°  angle  of  attack) 
and  the  process  repented. 

ACCUKACY  or  TEST  IIESW.TS 

In  the  region  of  the  test  section  where  the  models  were 
located,  the  variation  in  Mheh-nunibcr  did  not  exceed  ±0.02 
at  Mach  numbers  fiom  .J.UO  to  5.05  and  ±0.04  at  .Mach 
number  G.30. 

The  precision  of  the  computed  pressure  coefficients  was 
affected  bj  inaccuracies  in  the  pressme  measurements,  ns 
well  ns  uncertainties  in  the  stream  angle  and  the  frec-stream 


Conical  models 

test  models  showing  locution  of  pressure  orifices. 

dynamic  pressure.  The  resulting  errors  in  the  pressure 
coefficients  were  generally  less  than  ±0.005  throughout 
the  Mach  number  range  for  all, angles  of  attack. 

COMPARISON  OK  THEORY  WITH  EXPERIMENT  AND  DIS¬ 
CUSSION  OF  RESUI.TS 

According  to  inviscid  theory,  the  hypersonic  similarity 
parameter,  K,  is  a  significant  index  to  when  the  generalized 
shock-expansion  method  can  be  used  to  calculate  three- 
dimensional  Hows.  It  was  indicated  in  this  connection  that 
the  generalized  method  should  bo  applicable  to  bodies  of 
revolution  when  K  is  greater  than  about  1.  In  order  to 
check  this  prediction,  the  pressure  distributions  on  the 
surfaces  of  two  ogives  (having  fineness  ratios  3  and  5) 
traveling  at  Mach  numbers  3.00,  and  4.25,  and  5.0.3  and 
at  angles  of  attack  of  0°,  5°,  10°,  and  15°  were  calculated 
by  the  methods  of  this  paper.  Pressure  distributions  on 
the  fineness-ratio-3  ogive  at  angles  of  attack  of  0°  and  5° 
were  also  calculated  for  n  Mach  number  of  0.30.  Tho 
conicnl-llow  theory  presented  in  reference  32  was  employed 
in  these  calculations  for  determining  milinl.llow  conditions 
at  the  vertices  of  both  the  lifting  and  nonlifting  bodies. 

Comparing  first  the  predictions  of  theory  with  experiment 11 

11  Tin:  I'xjn.'nmvnlttl  dju  shvwn  m  figtm  *  and  till  sutweijuem  figures  represent  m  uvetage 
of  the  pressures  recorded  at  each  station  on  a  hod}  The  scatter  of  data  was  Incoaftfiuemlallj 
small  («eo  ref.  32), 
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Id 


(<■■)  .V„  = 3.00  (b)  =4.25  (c)  ,V„-=  5.05  (<|)  .V„=0.30 

Fiouhb  8, — Variation  of  pressure  coollicicnt  along  ogives  at  o  *»0®. 


foi-tiic  ease  of- zero  lift,  no  observe-ut  figure  8  Unit  the  shock- 
cxpnnsioli  method  pi  edicts  Surface  pressure  coefficients  close 
to  those  obtained -experimentally  nt  values  of  K  greater  than 
1.  As  would  bo-expoeted,  too,  the  agreement  between  the 
predicted  coefficients  and  experiment  tends  to  impruv  e  up  to  a 
Mach  number  of  5.05.  The  results  of  a  characteristics  solu¬ 
tion  for  uTnieness-ratio-d  ogive  at  d/„— J.00  (.from  ref.  >i(ij 
aie  also  shown  tor-comparative  purposes.  Characteristies 
solutions  are  not  mailable  for  the  other  eases,  however,  the 
results  of  Rossow  (obtained  by  eorrelating  the  pressures 
yielded  by  chnraeteiisties  solutions  according  t.  the  by  pel  - 
some  similarity  law  ,  see  ref.  37 >  are  shown.  Tt  is  evident  in 
tins  figure  that  the  agreement  between  these  icsults  and 
those  yielded  by  the  shoe  k-cxpnnsion  method  impioves  with 
nicicHsnig/v  over  the  Mach  number-range  piesented.  At  the 
highest- Mach  number  of  ti.dO  we  observe,  hovvev  u,  that  both 
methods  yield  pressine  coeflh ieiits  which,  although  m  agree¬ 
ment,  me  appreciably  lower  than  experiment.  There  is  no 
particulm  reason,  on  the  basis  of  past  experience  or  othervv  ise, 
to  doubt  the  accuracy  of  the  characteristics  theory  for  this 
body.  In  this  connection,  it  should  he  noted  that  the  theory 
is-geneially  in  good  agreement  with  expciiment  at  all  the 
lower  Mach  numbers.  It  seems  logical,  therefoie,  to  suspect 
that  the  departure  of  theory  from  experiment  atii/„— 6.30  is 
caused  by  viscous  effects  in  the  flow.  More  specifically,  it  is 
suggested  that  this  departure  may  he  traced  to  a  substantial 
increase  in  thickness  of  the  laminar  boundary  layer  on  the 
ogive,  'flie  low*  Reynolds  number  of  the  tests  and,  to  a 
somewhat-lesser  extent,  the  high  Mach  number  could  produce 


such  an  increase.  This  mnttci  will  be  considered  furthei  in 
tlie  discussion  of  by  pel  sonic  boundary -layer  calculations  pre¬ 
sented  later  in  the  paper. 

It  is  appropriate  now  to  consider  the  reliability  of  the 
shock-expansion  method  foi  lifting  bodies.  As  shown  in 
figures  9,  10,  and  11,  the  theory  yields  good  agreement  with 
experiment- on  the  windward  side  of  the  fineiiess-ratio-3  ogive 
except- at  d/„-3.U0  (,/f—  t).ti()>.,#  Disagreement  is  evident, 
however,  on  the  leeward  side  of  the  body  at  all  Mach  num¬ 
bers.  In  the  case  of  the  liueness-ratio-.i  ogive  (figs.  12,  13, 
and  14),  agreement  is  generally  better  over  the  entire  body 
at  each  angle  of  attack,  particularly  at  the  higher  v  alues  of  K. 
It  will  be  lecalled  from  figure  8  that  ato— 0*  thedoiigitudinal 
picssiuc  distiibulions  on  both  ogives  indicated  that  the  accu¬ 
racy  of  the  shock-expansion  method  inci  eased  as/v  met  eased. 
Figures  9  through  14  indicate  that,  as  would  he  expected,  this 
trend  caiiics  ovei  to  the  case  of  lifting  bodies.  It  is  intei 
esting  to  note,  also,  that. reasonably  good  agi cement  with  ex¬ 
periment  is  obtained  when  lO  1  even  though  a  >bs.  Ac¬ 
cordingly,  it  is  suggested  that  so  long  as  IC.  l  and  «,3.\<1, 
the  geueiali/.ed  shock-expansion  method  can  be  employ  edAo 
pi  edict  surface  piessuies  along  meiidiau  lines  as  though  they 
were  stieamhiies,  with  little,  sacrifn  e  in  accuracy.  Tli  this 
connection,  it  should  he  noted  thnl-the  meridian  hues  on  the 
extreme  windward  and  leeward  sides  of  the  body  (l.  e.,  0° 

,  and  y— 180°,  respectively)  me  exactly  sti  validities. 


’*  U  should  In;  noted  in  fljeme  9  ihul  Stone‘s  Mvond-otdci  join  lion  fo  *-ui|ito>cd  aUho  mirk 
slnct?  I  ho  conkuMbw  theorj  of  rtforonco  32  l*  not  applicable  for  those  condition*  (f  <?., 
.Af*-3(i)Qn<Uv.n.l^D 
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Fiouiik  0.  ■Circilliiforciititll  variation  of  pressure  coefliciciit  on  n  fineness  ratio  5  ogive  at  3.00;  A'=O.GO. 


Tt  appears  in  figures  9  through  14,  (hot  the  most  important 
factor  influencing  the  accuracy  of  the  shock-expansion 
method  is  the  reliability  of  the  conical-flow  theory,  since  the 
inaccuracies  at  the  vertex  appear  to  be  reflected  strongly  in 
the  pressures  downstream  of  the  vertex.  The  question 
naturally  arises,  then,  how  good  arc -the  predictions  of  the 
method  when  experimentally  determined  initial  conditions 
at  the  vertex  arc  employed?  To  answer  this  question,  the 
pressure  coefficients  on  the  surfaces  of  the  two  ogives  under 
discussion  were  determined  in  the  following  manner.  Initial 
conditions  at  the  vertex  were  determined  fiorn  the measured 
static  pressures  around  a  cone  (corresponding  to  the  vertex 
angle  of  l  ho  body V-in-cftnjintction-with  The  mensurrd  shock- 
wave  angle  (in  the  plane  v>=0°)  obtained  from  schlicrcn 
photographs  of  the  conical  flow  field.  The  pressure  co¬ 
efficients  downstream  of  (he  vertex  were  (hen  calculated  as 
before.  The  results  of  these  calculations  for  Mach  numbers 
3  00,  4  25, -and *5  05  are  compared  with  experinunt,  in  figures 
15  and  10  for  «— 15°.  Results  for  «=15°  are  presented 
because  nt  this  angle  of  attack  the  applicability  of  the 
conical-flow  solutions  is  most  marginal.  It  is  observed  in 


figure  15  (a)  that  the- theory  yields  results  which  indicate  nil 
underexpnnsion  of  the  flow  on  the  sides  of  the  body  (p=45° 
and  s?"-90°).  This  result,  is  not  surprising  since  1 

and  7f<l.  It.  would-be  expected,  then,  tlmt-the -true  stream¬ 
lines  would  deviate  considerably  from  n  meridian  line.  In 
other  words,  flow  disturbances  in  planes  tangent  to  the  body 
nt  the  surface  are  no  longer  small  compared  to  those  in  axial 
planes.  It  can  be  seen  from  figures  15  (by  and  (o)  (lint  us 
the  Mncli  number,  and.heuco,  K,  is  increased;  better  agree¬ 
ment  is  obtained.  This  result  is  attributed  in  part  to  the 
fact- that  the  streamlines  of  the  flow  deviate  less  from  meridian 
lines  us  K  is  increased.  The  same  general  trend  may  be 
noted  in  figtuc  iG-fui  the  fineiicss-rutio-4  ogive.  However, 
in  this  case,  niul  over-all  agreement  between  theory 

and  experiment  is  improved.  In  fact,  good  results  are  con¬ 
sistently  obtained  by  theory  except  on  the  extreme  leeward 
side  of  tiie  body  where  it  is  probable  that  viscous  effects  arc 
influencing  the  pressures.  There  may  be  some  separation 
of  flow  over  this  portion  of  the  body  although  no  evidence  of 
this  could  be  determined  from  the  schlicrcn  photographs. 
In  the  case  of  the  fincncss-rntio-5  ogive,  schlicrcn -evidence 
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indicated-flow  separation  on  the  leeward  side  of  the  body  for 
all  'Mach  numbers  at  a=15°.  I(.  is  evident  from  these 
figures  that  in -any  event  the  shock-expansion  method  will 
yield  better  results  when  initial  conditions  at  the  vertex  arc 
determined  from  cone  tests  rather  than  from  presently 
available  cone  theory. 

There  now  remains  the  determination  of  the  accuracy  of 
the  predictions  of  the  generalized  shock-expansion  method 
for  the  flow  field  (other  than  the  surface)  about  a  lifting 
body  of  revolution.  To  this  end,  flow  in  the  piano  of  sym¬ 
metry  (^=0°  and  180°)  was  calculated  for  each  ogive 
traveling  at  a  Mach  number  5.05  and  at  an  anglo  of  attack 
of  10°.  flow  in  a  side  meridian  plane  (^=90°)  was  also 
calculated  for  the  fineness-ratio-.'!  ogive.  The  resulting 
shock-wave  shapes  arc  compared  with  the  actual  shapes  (ob¬ 
tained  from  schlieicu  photographs)  in  figure  17.  The  theo¬ 
retically  determined  conical  shocks  are  also  shown  for  con¬ 
trast  In  the  case  of  the  finencss-ratio-3  ogive  (K=  1.08  and 
a/5.\.= 0.53),  theory  and  experiment  are  observed  to  be  in 


excellent  agreement  in  the  plane  of  symmetry.  The  same 
observations  may  be  made  for  the  side  meridian  piano.  In 
this  latter  connection,  it  is  of  interest  to  point  out.  that  es¬ 
sentially  the  same  result  is  obtniued  when  the  shock  is  as¬ 
sumed  circular  in  cross-sectional  planes  and  its  location  de¬ 
termined  from  the  calculations  in  the  plane  of  symmetry. 
In  the  case  of  the  fiucncss-ratio-5  ogive,  the  poor  agreement 
on  the  leeward  side  of  the  body  is  duo  to  the  limitations  of 
the  conical  flow  theory  employed  at  the  vertex.  If  experi¬ 
mentally  determined  initial  conditions  are  employed  good 
agreement  with  experiment  downstream  of  the  vertex  is 
obtained. 

Although  the  predictions  of  the  generalized  shock-expan¬ 
sion  method  have  been  checked  only  at.  the  inner  and  outer 
boundaries  of  the  flow  field,  it  is  expected  that  equally  good 
results  would  be  obtuined  at  intermediate  points  m  the  flow 
field.  This  conclusion  is  based  on  the  fact  that  the  bow 
shock  waves  were  obtained  as  a  result  of  the  calculations  of 
these  intermediate  points. 


Fioviu:  10  Circumferential  variation  of  pressure  coefficient  on  a  find  e*s  ratio  5  ogiie  at  .U„  -  1.25,  A’ -0.85. 
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I'kiukk  10. — -Circitmfcrcntial  variation  of  pressure  coefficient  on  a  fineness  ratio  3  ogive  at  a  -  15°. 
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It  L  appropriate  now  to  consider  briefly  the  forces  exper¬ 
ienced  by- the  ogives.  To  this  end,  normal-force  coefficients 
were  obtained  by  integrating:  the  theoretical  pressure  distri¬ 
butions  for  the  two  ogives  at.  a  Mach  number  of  5.05.  The 
results  of  these  calculations  are  compared  in  figure  IS  with 
those  obtained  from  integrated  experimental  pressure  dis¬ 
tributions  for  values  of  K  of  1.01  and  1.08.  It  is  observed 
that  although  theory  yields  results  which  are,  in  general, 
higher  than  those  obtained  bj  experiment,  agreement  im¬ 
proves  with  increasing  K.  The  same  trend  with  /v  is  evi¬ 
dent  for  the  initial  normnl-force-eurvc  slopes  obtained  with 
the  nid  of- equation  (49).  Axial  forces  were  also  obtained 
for  these  ogives  and,  as  indicated  in  figure  18,  the  shock- 
expansion  method  yields  generally  good  agreement  with 
experiment: even  at  a  value  of  K  ns  low  as  1. 


Angle  of  attack,  a,  deg 


(a)  A’wl.OI 
(!>)  A’ =  1.08 

FltiUU.  IS.  Normal-  and  axial-force  eocHiriFiit*  fur  ugocs  at 
.V„=5.05. 

Let  us  consider  now  the  picdictions  of  the  hypersonic 
slender-body  theory.  To  this  end,  calculated  pressure  co¬ 


efficients  for  the  two  ogives  at-  a-0°  and  «=  5°  are  com¬ 
pared  with  experiment  in  figures  19  and  20.  It.  appears  from 
a  comparison  of  figures  Sand  19  that,  the  slender-body  theory 
wdl  yield  more  accurate  drag  coefficients  than  the  general 
theory  at  «— 0°,  particularly  at  the  lower  values  of  K. 
This  result  is,  of  course,  fortuitous.  In  the  easo-of  lifting 
bodies  (fig.  20)  the  slender-body  theory  y  ields  results  pinch 
are  somewhat  less  satisfactory  at  all  values  of  K.  However, 
the  theory  displays  sufficient,  accuracy  formally  engineering 
purposes  even  at  A’«=l.  This -point,  is  particularly  evident, 
for  the  more  slender  of  the  two  bodies  ns  indicated  in  figure 
20.  It  is  also  interesting  to  note  the  comparison  of  theory 
and  experiment,  shown  in  figure  21  for  the  initial  normal- 
foree-curve  slopes  and  centers  of  pressure  of  a  fatn.fy  of 
ogives  at  Mach  numbers  from  2,0(1  to  0.80.  The  experi¬ 
mental  data  were  obtained  in  the  Ames  10-  by  14-inch 
supersonic wind  funnel.  There  is  good  correlation  of  these 
data  with  A/„ i.v,  the  hypersonic  similarity  parameter  for 
slender  bodies,  and  there  is  good  agreement  with  theory  for 
values  of  *l/«4.y  greater  than  I.  In  view  of  its  simplicity, 
then,  the  hypersonic  slender-body  theory  should  prove  useful 
and  its  application  is  further  facilitated  by  the  presentation 
in  this  paper  of  tabulated  values  of  the  pertineiitllow  para¬ 
meters  for  selected  values  of  Mm6x  and  «/{A.  (see  table  1). 

Up  to  this  point  we  have  been  concerned  ulmosUentirely 
with  the  inviseid  theory  aud  its  vomjuirison  -with  experi¬ 
mental  data  relatively  free  of  effects  of  viscosity.  As  a  final 
point,  ibis appropriate  to  lesl'the  two-dimensional  boundary- 
layer  concept,  of  this  paper  by-considering  Hows which  aro 
significantly  influenced  by  viscous  effects. 

In  this  -.connection  it  was  noted  early  in  the  previous  dis¬ 
cussion  that  inviseid  theory  yielded  pressure  coefficients 
which  were  substantially  lower  than  experiment,  at  ,)/„  = 
0.80.  Tins  discrepancy  was  traced  to  the  thick  'laminar 
boundary -layer  on  the  test.  body.  According  to<theor,v  it. 
should  bevpossible  to  calculate  this  boundary  layer  approxi¬ 
mately  by  means  of  simple  two-dimensional  -techniques. 
This  possibility  was  checked  by  calculating  the  laminar 
boundary  layer  on  (lie  fineness-ratio-2  ogive  at  a  Mach 
number  of  0.80  and  angles  of  attack  of  0°  anil  5°.  Tile 
two-dimensional  theory  of  reference  88  was  employed.” 
The  body  ordinates  were  increased  by  an  amount-equal  to 
the  displacement  thickness  of  the  boundary  layer.  The 
pressure  distribution  about  the  distorted  body  was  then 
obtained  with  the  generalized  shock-expansion  method. 
These  corrected  pressure  distributions  and  the  original 
iincorrected  distributions  are  presented  in  figure  22  along 
with  experiment.  It  is  observed  that,  while  iincorrected 
pressures  nre  definitely  low,  the  corrected  pressure  distribu¬ 
tions  arc  in  good  agreement  with  experiment.  In  this  case, 
then,  relatively  simple  two-dimensional  methods  of  cor¬ 
recting  pressure  distributions  for  the  presence  of  the 
bouudari  finer  are,  ns  indicated  In  theoiy ,  applicable  to 
(he  body  of  revolution. 

"  Thy  ihemy  breaks  down  at  the  i ci U x  of  llty  bod>,  nmih  us  at  the  leudinjU'dice  ot  an  utr- 
foH,  It  Is  thm/ore  not  applied  in  this  region,  ami,  consistent  with  n  practice  Hiccessfully 
cmplojrd  nitti  airfoils,  \ Iscous  tflccts  are  Ignored  in  calculating  flow  at  the  'ertrx. 
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(a)  a=0° 

<1>)  o=5° 

1'ioi‘itl;  22.— Effect  of  boundary  layer  on  pressures  acting  on  a  fincoes-i 
ratio  3  ogive  at  jt/„=6.30. 

CONCLUDING  REMARKS 

A  method  of  cliai'not eristics  employing  pressure  mid  flow 
inclination  angles  us  dependent,  variables  was  used  to 
obtain  a  simplified  approximate  method  for  calculating 
three-dimensional  flows  at  high  supersonic  speeds.  It-  was 


found  that  when  the  flight  Mach  number  is  sufficiently 
Inigo  compared  to  1,  flow  in  the  osculating  planes  of  stream¬ 
lines  in  regions  free  of  shock  waves  may  be  of  the  generalized 
Prandtl-Mover  type— surface  streamlines  in  this  event  may 
be  treated  as' geodesics.  In  the  case  of  slender  bodies,  these 
results  apply  to  nonsiendy  ns  well  ns  steady  flows.  The 
two-dimensional  approach  to  three-dimensional  hypersonic 
flows  was  also  c~lendcd  to  steady  boundary-layer  flows. 

Bodies  of  resolution  in  steady  hypersonic  flight  were 
considered  ns  an  example  of  shapes  producing  three-dimen¬ 
sional  flow  fields  winch  appear  locally  two-dimensional. 
With  the  assumption  of  conical  How  at  the  vertex  and  smnll 
angles  of  attack,  simple  approximate  solutions  were  obtained 
which  yield  the  Mach  number  and  pressure  distributions  on 
the  surfaces  of  such  bodies.  Surface  streamlines  wero 
approximated  by  meridian  lines  and  the  flow  field  in  meridian 
planes  was  calculated  by  means  of  a  generalized  shock- 
expansion  method.  In  the  special  case  of  slender  bodies, 
simplo  explicit  expressions  wero  obtained  for  the  Moch 
number  and  pressure  distribution  on  the  surface. 

Surface  pressures  and  shock-wave  shapes  wero  obtained 
experimentally  at  Mach  numbers  from  3.00  to  5.05  for  two 
ogives  having  fineness  ratios  3  and  5  and  for  two  cones 
having  the  same  vertex  angles  us  the  ogives.  The  predic¬ 
tions  of  the  methods  of  this  paper  lor  the  surface  pressures 
and  shock-tune  shapes  acre  found  to  be  in  good  agreement 
with  experiment  at  values  of  K  of  about  1,  or  greater,  when 
ajo.s  (the  ratio  of  angle  of  attack  to  semi  vertex- angle)  was 
about  1/2  or  less.  For  increasing  values  of  this  parameter, 
agi cement  deteriorated  but  was  still  reasonably  good  for 
values- of  a/o.v  up  to  about  1.  Experimental  surface  pres¬ 
sures  at  n  Mach  number  of  C.30  mid  angles  of  attack  of  0° 
and  5°  were  nlso  obtained  for  the  fineness-rntio-3  ogive. 
The  predictions  of  the  shock-expansion  method  when 
employed  in  conjunction  with  a  two-dimensional  boundary- 
layer  calculation  were  found  to  be  in  good  agreement  with 
experiment. 

In  view  of  these  results,  it  is  concluded  tlml  the  generalized 
shock-expansion  method  should  prove  useful  in  treating 
three-dimensional  hypersonic  flow  lields  about  practical 
aerodynamic  configurations.  Furthermore,  it-  is  indicated 
that  methods  of  treating  two-dimensional  hypersonic 
boundary  layers  may,  in  like  manner,  prove  useful  in  pre¬ 
dicting  three-dimensional  hypersonic  boundary  layers. 

Ames  Aeronautical  Lahouatory 

National  Advisory  Committee  for  Aeronalticd 
Moffett  Field,  Calif.,  Aug.  15,  1952 
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TABLE  I. — TABLE  OF  FUNCTIONS  FOR  HYPERSONIC  SLENDKR-BODY  METHOD 
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